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Abstract

In this article we will reproduce and illustrate the works of Léo Ducas and
Thomas Prest in [DP16] relating to fast orthogonalization of block circulant
matrices. In particular, we prove that a block circulant matrix A can be
rearranged in a special way such that the unit lower triangular part L of its
Gram-Schmidt Orthogonalization admits a compact factored representation.
We will see a fast algorithm to compute this representation, reminiscent of
Cooley-Tukey’s FFT, reducing the time and space complexity of the classical
algorithm from cubic to quasilinear. We will then modify a foundational
tool in lattice based cryptography — Babai’s Nearest Plane algorithm — to be
compatible with the factored representation.
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1 Introduction

With the onset of quantum computation and proposed quantum algorithms, many
classical cryptographic systems stood the fear of being rendered insecure. Among
other techniques, lattice based encryption and signature schemes were formulated
to withstand the quantum threat. A major step in this research was developing new
algorithms in Z modules over polynomial rings, instead of the vanilla Z" lattices
— see the GPV framework and NTRU lattices [HPS98, GPV08]. This was found to
boost both the security and the efficiency of the cryptosystems. The work of Ducas
and Prest in Fast Fourier Orthogonalization [DP16] is in a similar vein.

A key component of a lattice based constructions is a problem called the clos-
est vector problem (CVP) [Reg05]. Lattice based signature schemes roughly follow
this outline: map documents to the ambient space, and produce its signature as
its nearest lattice point, thereby making digital signatures an instance of the CVP.
Babai’s Nearest Plane algorithm that approximately solves CVP therefore becomes
the bedrock of such cryptographic schemes. In particular, for a lattice generated
by the rows of A, the algorithm promises a lattice point in the neighborhood of the
target vector defined by the rows of B, which is the Gram Schmidt Orthogonaliza-
tion of A. The underlying ring R, from which A draws its entries, determines the
size of this neighborhood — simpler rings like IR promises tighter neighborhoods.
See definition 2.6.

Babai’s algorithm on a lattice generated by A is implicitly fed the Gram-Schmidt
process on A. Consider R, a ring of polynomials of degree d — 1. Then the module
R5" is identified with the space R"@*nd in 5 straightforward manner. Crypto-
graphic lattices are usually Z-submodules of such R;-modules. The hardness of
cracking CVP in such lattices is a blessing of the dimensionality, that is, nd must
be large. If d is large and n is comparatively small, then GSO is performed quickly
for matrices in R}*", however the quality of the output of Babai’s algorithm is
poor, thereby affecting the security of the signature. However, when d is small and
n large, like R"*"?  even though Nearest Plane produces very close vectors, the
underlying GSO has cubic time complexity over nd.

Using techniques from the well established theory of circulant matrices, Ducas
and Prest propose new techniques for special rings where this tradeoff can be over-
come. Recall that permuting the rows and columns of a lattice basis keeps the
geometry of the lattice intact, up to an isometry. With this in mind, they show
that the 2d x 2d real matrix, obtained from an equivalent lattice basis matrix from
R2*2. can be rearranged such that it admits a GSO in as fast as O(dlogd) time.
Further, they propose a compatible variant of Babai’s algorithm, showing that this
efficiency can be achieved while maintaining outputs of the same quality as that of
the Nearest Plane algorithm over IR.



2 Preliminaries

To begin with we will set forth some notational conventions.

- Vectors in this article by default are row vectors. So are the coefficient vectors
of polynomials. A degree d + 1 polynomial f is understood to be f(z) =
fot frz+--+ faa.

- Matrices will be uppercase bold and vectors lowercase bold, whereas ring ele-
ments will be in normal text. When not defined otherwise, an m x n matrix A

T
will have a row representation [al e am} or a component representation
[ais]-
- Similarly, a vector a is [al an] The vector e; = [O ... 1 ... 0|is

the j-th standard basis vector.

- The matrix I; will denote the j x j identity matrix. When the dimension is
clear from context, identity will only be I.

2.1 Recap of Relevant Topics

Rz]

Definition 2.1. We define the ring of polynomials Rq = W.
l’ JR—

We know that one can do operations like multiplications and inverses on R, in
O©(dlogd) time using the Fast Fourier Transform (FFT) [C'T65]. All operations in
this article will happen in such rings.

Definition 2.2. Let R = R[zl/(p) for some polynomial p. Then for any f € R,
we call the polynomial f* as the adjoint of f, if for any root  of p, we have
(0 = 1 Q).

With adjoints one can define an inner product on R-modules. Consider f, g €
R™, then

m

=1
In the scope of this article we consider the rings Ry where p(z) = z? — 1.

The roots of p are {e%gi :k =0,...,d—1}. Then observe that for any root
¢ of p, { = ¢! Since a d — 1 degree polynomial is completely determined by its
evaluations on d unique points, then for any f € Ry, it follows that f*(z) = f(z71),
as f having real coefficients ensures

Q=1 =10 =10
Hence, for f € Ry we get

F(@) = fo+ iz 4+ frgz (@D
= fo+ farz+ -4 frzt



Remark 2.1. An element f € Ry is bijectively associated with a circulant matriz
F given by

fo fi - faa
P fd:1 Jo Ja—2
h oo o

Then the adjoint f* of f simply corresponds to the commonly known matriz adjoint
FT of the F. From this it is easy to see again that

(@) = fo+ farx+-+ fra®

2.1.1 Gram-Schmidt Orthogonalization (GSO)

Once we have an inner product in a ring R, we can use the Gram-Schmidt process
to orthogonalize matrices with entries from R. The process also furnishes a matrix
decomposition that we define below.

Definition 2.3. Let A € R™*™ have linearly independent rows. Then we define
the GSO of A as the decomposition

A=L1LB

where the rows of B are mutually orthogonal, and L is a unit lower triangular m x m
matrizx.

The algorithm to compute GSO is popoular, and is an essential subroutine to
the Nearest Plane algorithm of Babai [Bab86]. We quickly recall the algorithm here.

Algorithm 1 GSOz(A)

Require: A € R™*™
Ensure: L, B the GSO of A over R

T
1: [al as ... am} +— A
2: fori=1,....,mdo
33 forj=1,...,7do
<ai7bj>R
4: L+ ————~
N <ijbj>7z
5. end for
i—1
6: b; = a; — Z Lijb]‘
j=1

7: end for
8 return L, B

The algorithm stores O(mn) ring elements, each of which are computed as inner
products of n-length vectors. Thus, the algorithm makes O(mn?) ring operations.
Each ring operation in Ry under FFT can be done in ©(dlogd). So the overall
run-time of algorithm is O(mn2dlogd).



2.1.2 Babai’s Nearest Plane Algorithm

Z
(24 —=1)
For a m xn matriz A over Rq with full row rank, we denote the integer lattice
generated by the rows of A by ZJ'A.

Definition 2.4. We define the ring Z3 =

We will now recall the cornerstone lattice based cryptographic algorithm to solve
the closest vector problem: Babai’s Nearest Plane [Babg6]. Before proceeding, we
first define the closest vector problem.

Definition 2.5. Let A € R}"™" have linearly independent rows. Givent € R, the
(approzimate) Closest Vector Problem (CVP) seeks a z € ZJ]' such that (z —t)A
is small.

Definition 2.6. Given B = {bl bm}T of full row rank with entries from a
ring R, we define Py(B) as the parallelepiped generated by the rows of B defined
as follows

Py(B) = {xB:x € R", [x[lwc <7} =[-7,7]"B,
where v is a constant depending on the underlying ring R. When v is not specified
it is taken to be 3, that is, P(B) = Pi,(B).

In particular, let R be a ring and let Z be ils subring of integral elements. Then

v = supl|f — Lf1l,
fER

where | f| is the element of Z nearest to f. For example v = 1/2 for R. For Ry
we have v = Vd/2.

Now we explicitly write out Babai’s algorithm, and then dive into a simple
interpretation.

Algorithm 2 NPz, (t,L)

Require: L, which is the L-part of the GSO of a full row rank m X n matrix
A = LB with entries in Ry.
t € R, such that the target vector is tB

Ensure: z € ZJ', such that (t —z)A € P,(B)

1: z+0

2: for j =m,...,1do

3: tj <—tj+Z(ti—zi)Lij

iy
zj = |t]

end for
6: return z




Interpretation. We will spend some time here understanding the intuition behind
this algorithm. The algorithm is framed in several ways. The above framing will
help us modify it into a Fourier-compatible version. However, the above framing
may not immediately reflect its recursive nature. Let us try to illuminate that in
the next steps.

Step 1. For 1 < j < m, let A; be the matrix of the first j rows of A, that

T
is, A; = [al aj] . Similarly, define B;. And let L; be the principal j x j
submatrix of L. Then due to the iterative nature of the Gram-Schmidt process we
get A; = L;B; as a valid GSO of A, and hence

span{ay,...,a;} = span{by,...,b;} :=S;.

Step 2. The algorithm tries to find the solution z coordinate by coordinate, from
Zm to z1. Consider an intermediate, say (m — j)th, stage of the algorithm. Before
this stage is entered we suppose that the coordinates zj41,..., 2y, are solved, and
the vector z looks like

Z = [0 7 A zm}.
What this means is that at this stage the lattice zA is close to the target vector

[0 o 0t ...tm}A.

Now, we will take this partial solution to construct the current step.

Step 3. Note that since zA is a lattice vector, solving CVP for tA is equivalent
to solving CVP for (t —z)A. Now, here is the integral step of the algorithm. Since
the last m — j coordinates of (t —z) are small, we reduce this to a smaller problem.
Precisely, instead of solving CVP for (t —z)A, we project this target vector to the
space Sj, and solve CVP in smaller lattice Z(%Aj.

Let P be the projection onto S; and let

tA =P ([t—z]A).

From our algorithm, to find z;, which is the first step of solving the CVP with a
truncation of the vector t in the smaller lattice Z(]iAj, all we need is ;.

Step 4. Now let AT be the pseudo-inverse of A, that is, AAT = I. Then
t; =P ([t—z]A)Ale].

But recall that A = LB, and further decompose B = XU, where X is positive
diagonal matrix normalizing the rows of B to the orthonormal rows of U. Then,

T
we also have B; = X,U;, where U; = {ul ...uj} . And, the map P is achieved
by the action of the matrix UJTUJ-. Therefore, proceeding with AT = UTZ 1L,



we get

=(t—2z)L-X ;
= (t-2z)L-3 I, O}T L o[z 'L %]
=(t—2z)L- 1; 01 L_leJT
= (t— z)Le?
= tj+>_(ti = z) L,

i>j

where the second last equality is just the observation that the j-th column of L1
is of the form [0 oo 1 *], since its a unit lower triangular matrix, the x part

is killed by the pre-multiplied matrix, leaving us with e]T. This illuminates the
expression in the (m — j)th step of the algorithm. Once the coordinate z; is also
solved, the same process can be repeated for the next coordinate.

In order to show that the algorithm provides what it promises, we will take help
of the following lemma.

Lemma 2.1. At any stage of the algorithm 2, the vectors t,t and z satisfies
(z—t)A = (z—t)B.

Proof. Let us start from the definition of ¢;, and follow with suitable steps.

fj =t; + Z(tl — ZZ')LZ'J'
1>]
—— lTj —Zj = tj —Zj + Z(tz — ZZ)LZ] = (t — z)Le;F
1>7
— t—z=(t—2z)L
— (z—t)B=(z—1t)A.

Corollary 2.1. Algorithm 2 is correct.

To see this, we simply note that z; = |¢;] implying that |z; —¢;| < 7. Hence
(z—t)A € Py(B).

Remark 2.2. The subroutine that supplies the matriz L to Babai’s algorithm
in [DP16] is the LDL decomposition instead of the GSO decomposition. Even FAL-
CON s implemented with LDL [PFH"19]. When a matriz is m x n, the LDL
decomposition does offer a complexity gain over GSO, since it handles diagonal
matrices instead of full matrices. However, in our coming section, we focus only
on 2 X 2 matrices over a ring, and hence the complexities are asymptotically equal

6



for the two subroutines. However the involved constants sufficiently different for
FALCON to use LDL for its fast implementation.

Theoretically, the two decompositions are equivalent. That is, A = LB 1is the
GSO of A if and only if G = LDLT is the LDL decomposition of G = AAT, so the
two subroutines supply the same L to Babai’s algorithm. Further, the illustration of
the L-tree and the fast variant of Babai’s algorithm remain unaffected by the choice
of subroutine.

2.2 Linearization Operators

Here onward we will only look at R4 where d = 2"

We make a preliminary note here: every result of this article holds, by simple
extensions, when d is not a power of 2. However, we will stick to this special case for
the sake of illustrations. Further, the most important application of these results —
the NIST standardized signature scheme FALCON [PFH ™ 19], only uses the special
case where d is a power of 2.

Definition 2.7. Vectorize Operation. Let d; = 2¢, fori = 0,...,h. For fized
1,7 let
Ra; = Rlel/(2%-1) and Ry, = Rll/ (2% -1),
where y = ¥, where k = di/d;. Then the “vectorize” operator
Vjij t Ry, — R’;f
is defined recursively as follows.

1. For all i, the operator Viz is identity,

2. For i > 0 and n = 1, let us consider an arbitrary polynomial f € Rq,, and
write

f(z)=fo+ fiz+ -+ fdi—ﬂid"*l
= fo+ fzxz 4+t fdz-—z (xz)di—l—l
+x [fl + f2:E2 4.4 fdi—l (xg)di1—1}

= fo(y) +37fe(y)-
Then we write
di—1
3. For a vector {f g .. .}, the operator Vii_l acts component-wise according to

bullet 2.

4. Generally for i > j and a single polynomial f € Rq,, we have

d; d;
Vi (f) =Vy

j+1

Vi oer V).

j+2

For vectors of polynomials, this operation is applied component-wise.

7



5. Finally, fori < j, we define
dj di\ 1

For conciseness, we will use the shorthand V,, for the operator Vclli' To see this
in action we look at the following example 1.

Example 1. For d = 8, we look at the polynomial f(z) = z + 2%+ 223 + - - - + 727
and show how its coefficient vector is rearranged to obtain Vg(f).

[0 1 23456 7}:x+x2+2x3+--.+7x7

0246 135 7=[2y+a42+6/° 1+3y+5.2+ 7]

04261537]

The vectorization is done with the subsequent ring homomorphisms 22 — y and
2
y© = z.

Definition 2.8. Matrixify Operation. Refer to the notations in definition 2.7.
Here, for i > j, the “matrizify” operator

dj | smxn kmxkn
is defined as follows.

1. For all i, the operator /\/lgz is identity.

2. For a single polynomial f € Ry, , the operator Mgz_l (f) is the unique matriz
such that for all g € Ry,

VI (g) MG () = Vi (af)-

If Vj;_l(f) = {fe fo}, that is, f(x) = fe(y) + xf,(y) where 22 is identified
with y, it turns out that

Mgzil(f) B lyﬁ ;j ‘

8



.. di_ . .
3. For a matriz in R}™", the operator M ' applies component-wise.
(2 (3

4. Finally, for arbitrary i > j,

M (f) = M), o M T o0 MG~ ().

djt2

For conciseness, the operator /\/lclli is written as Mg,. An example of matrixifi-
cation is seen in example 3.

Proposition 2.1. The operators ¥V and M (with the appropriate sub and super-
scripts) have some nice properties as follows.

- M is multiplicative, that is M(AB) = M(A)M(B).

- M andV are compatible in the sense that V(f)M(g) = V(fg) for polynomi-
als f,g.

-V preserves inner product, that is (V(a),V(b))) = (a,b).

- A has linearly independent rows if and only if M(A) has linearly independent
TOWS.

Remark 2.3. For f € Ry, representations ofVS/Q(f) and Mfi/z(f) can be computed
in O(d) both in standard and FFT format.

To see this let’s recall that Vg/ ’(f) = [ fo fe} as defined in definition 2.7. As
we see in example 1, the coefficients of the polynomials f, and f. are only subsets of
the coefficients of f, and together they are only a rearrangement of f’s coefficients.
Thus this transformation is easily done in O(d).

Similarly, for matrixification of f, we note that MZ/ % is also completely charac-
terized by f, and f.. More precisely, MZ/ ? is the circulant generated by Vg/ 2(f).
Hence even this operation can be computed in O(d) time.

The same holds for the FFT format as well where again the coefficients of f,

and f. are linear manipulations on the coefficients of f.

3 Compact Gram-Schmidt Orthogonalization

3.1 Existence of Compact Factorization of L

Following the definitions in section 2.2, we are ready to state the central result of
this article.

Theorem 1. Let d; = 2' fori = 0,...,h. Letb € Ry, such that Mg, (b) has
linearly independent rows. If Mg, (b) = LB is the GSO of Mg, (b), then the
matriz L admits the following decomposition

L= ﬁ Mdhfi(Li)

=1



where the matrices L;s have a block diagonal structure with d;—1 unit lower trian-
gular blocks of the form

L; = . € RZ;??Z}
1 0
Li7d’i—l 1

Proof. We will proceed by induction on h. When h = 1, this is the standard GSO,
so the hypothesis holds.

Suppose that the hypothesis holds for h — 1. Consider the matrix MZ:’l(b)
and its GSO

n- : 1 0
Mg~ (b) =L1B where L; = lLll 0] = R?i:i‘

?

T
} where the rows by and bsy are

Now, say B has row representation B = {bl bo
orthogonal to each other with b; € R?l;n,l' Then by induction hypothesis, we have
the following GSOs for j = 1,2

h
Mdh_l (b]) = H Mdh_i(Li>j) ’ BJ"
=2

Note, this decomposition is the same as in the statement of the theorem, except
that for notational convenience here we reindex ¢ as i + 1. Therefore, here each L; ;
is a d;—1 x d;—1 matrix with entries from R4, ., further L;; is block diagonal with
d;—o unit lower triangular blocks. With the established properties of the matrixify
operation, we note that

dp—
Ma, (b) = Ma,_, © Mdz '(b)

h
= H Mdh—i(Li) B

i=1

L;1

with the identifications of B = By ,and L; =
B, Lo

] fori=2,...,h.

To complete the proof we need to verify the dimensions of the blocks L; for
¢ > 2, and verify that B is indeed an orthogonal matrix. Indeed, since each L; ;
is a d;—1 x d;—1 block diagonal matrix with d;_o unit lower triangular blocks and
entries from Ry, ,, it follows that L; is d; x d; block diagonal matrix with d; 1 unit
lower triangular blocks with entries from Ry, ..

10



For the orthogonality of B, consider two rows u; and ug of B. If both of them
belong to either By or By, they are orthogonal by the orthogonality of B; and
By, which is ensured by the induction hypothesis. Now, without loss of generality,
assume uj is a row of B; and uy of Bo. Then there exists row vectors ¢1 and co
such that for j = 1,2

u; = C]'Mdh71(bj)’
since the rows of the orthogonal matrix obtained by GSO are linear combinations
of the rows of the original matrix. Let ¢; = Vflh_l (cj). Then

(up,ug) = <th 1(01)Mdh,1(b1),th,1(02)/\/ldh,1(b2)>

<th ,(e1b1), Vg, 1(02b2)>
(Clbl,Czbz>

7

where the second and third inequality follows from proposition 2.1 and the last
inequality is a consequence of by and by being orthogonal by definition. [J

Theorem 1 is defined so far for vectors. However, it is easily extended to matri-
ces. Continuing with the theme of stating our results for powers of 2, let us look at
a matrix A € RZXQ which admits the Gram-Schmidt Orthogonalization A = LoB
in Ry,. Note here that B is redefined here from the previous proof, however the
same notation is used as the argument is identical. Then,

Ma, (A) = Mg, (L) - Mg, (B)

~tata)- (335

where each Mg, (b1) can be factored using theorem 1. Collecting these factors in
diagonal blocks, like we did in the proof of thorem 1, we get the following corollary.

Corollary 3.1. Let d; = 2" fori = 0,...,h. Let A € Rflzz be nonsingular. If

Mg, (A) = LB is the GSO of Mg, (A), then the matriz L admits the following
decomposition

h
L= H Mdh—i(Li)
=0
where the matrices L;s have a block diagonal structure with d; unit lower triangular

blocks of the form

L; = . c R 1+1 Xdz+1
1 0
Li,di 1

The proofs of the above results also allow us a constructive approach to compute
the factored representation of the GSO of My, (A), and store it in a compact

11



manner. Even though L; is a dj1 X d;j11 matrix over Rdh,j7 its structure allows
us to represent it only using d; ring elements {L;1,...,L; 4, }. Further, all these
elements can be stored in the j-th level of a binary tree due to the structure of their
computation.

More precisely, let us carefully reconstruct the jth step of the process. At the
7th step we have

j Bj1
Mdh(A) = H Mdh—j (Lj) 'Mdh—j :
1=0 Bj,dj

At this point, for each &k =1,...,d; we write

dp_i_
Ma,_;(Bjr) = Ma,_,_, o My 7" (Bjz)

dn_j
dn—j—1 ( |Pjr1
=My . oM 5
A A LT
L1211 Bji12k-1
= Ma,_, Lk My, . jHL2k=1 )
it Ljt12k P\ | B2k

What we see above is that the matrices at the (j 4+ 1)st step L1 951 and Lj 1 o
are offshoots of the matrixification of the rows of B, ;. This immediately suggests
a tree structure, which leads us to our next definition.

Definition 3.1. Let A € Rg:Q. Then the binary L is called the L-tree of A and
has the following properties:

- L has h+1 levels from 0, ..., h.
- A node L;j, at the ith level has children L; 1 op—1 and L;iq 2.

- Every node L € Ry, , is precisely the elements appearing in the compact
factorization of the matriz L which appears in the GSO of Mgy, (A) as in
corollary 3.1.

Example 2. Consider a matrix A € R3*? such that M4(A) = LB. According to
corollary 3.1 suppose L has the following decomposition.

1
Lg’l 1

Ll,l 1 LQQ 1

L12 1 L23 1

’ I

Loy 1_

L )

Then A will have a L-tree £ of the following form.

12




Loa

/\
Lyq Lio
N N

Loy Loo Loz Loy

Thus L can be easily reconstructed from L.

3.2 Fast Algorithm to Compute L-tree

The above formulation of an L-tree immediately furnishes an algorithm to compute
it. We present it as algorithm 3 below. We call our algorithm FF-GSO as the L-tree
of A essentially instantiates the GSO of M4(A) where d is a power of 2, and the
FF is reminiscent of the Fast Fourier flavor of matrixifying (or splitting) the ring
elements.

Algorithm 3 FF-GSOx,(A)

Require: A € sz, a nonsingular matrix
Ensure: L, the L-tree of A in FFT format
L,B + GSOx,(A)
if d =1 then
return (L)
end if
fori=1,2do
L; « FF-GSOg,,, (M/*(b;))
end for
return (L, [£1, £2])

Running Time. We note that the GSO of a 2 x 2 matrix A on R, requires a
constant number of ring operations. Each ring operation can be done using in FFT
format in O(dlogd) time. The computation of MZ/Q(A) is done in O(d), refer to
remark 2.3. Then if the algorithm runs in time 3(d), then 3(d) follows the following
recurrence

B(d) = O(dlog d) + 28 (4/2)

One can solve the recurrence using a telescopic sum to obtain 3(d) = O(dlogd).

4 Fast Fourier Nearest Plane

We will modify algorithm 2 to curate a variant of the Nearest Plane algorithm
that solves CVP on lattices whose basis is in sz, and compatible with the L-tree
produced in algorithm 3.

The intuition here is to recursively compute z. Instead of computing z; = |¢;],
here we postpone the nearest integer transformation to the child ring in a recursive
manner, and lift the solution up to the current ring.

13



Algorithm 4 FF-NPx (t, L)

Require: t € R?l, with d = 2 such that tA is the target vector, where A € RZXQ,
L, which is a precomputed L-tree of A
Ensure: z € Z7 such that V; ([z — t]A) € P(B) where B is the orthogonalization
of My(A).
if d =1 then
L+ L
return NPR (L, t)
end if
L,[L1,Lo] + L
for j =2,1do
G« tj+> (ti—z)Lij
1>]
2 Vi, [FF-NPr, , (VI*(F)), £2)]
9: end for
10: return z = [21 22}

*®

Using lemma 2.1 we prove the following theorem about the correctness of algo-
rithm 4.

Theorem 2. Algorithm J outputs a vector z such that Vg (|z — t]A) € P(B) where
B is the orthogonalization of Mg(A).

Proof. The proof of this theorem will closely link with the proof of theorem 1. We
will proceed by induction on d. When d = 1, FF-NPg, is just NPR, and hence this
case holds.

- - T

Suppose FF—NPfRd/2 is correct. First, recall A = LgB, where B = {bl bg} .

Recall further that £; is the L-tree for Mg/, (bj;). Then by induction hypothesis
we get

d d

Var (Vi (2)) = Vi*(5)] bj) € P(By),

where B; is the orthogonalization of Ma/,(b;). Thus for j = 1,2 we have

Vi ([zj — t;]bj) € P(B))

==V, ( ] ) € P(B

tJA) € P(B),

where the last inequality follows lemma 2.1. This concludes the proof. [

:>Vd([ t|A

Running Time. Let 3(d) be the running time of FF-NP on R, then 5(d) shares
the same recurrence relation as the running time of FF-GSO presented in algorithm
3. Hence, the running time of FF-NP is also O(dlogd).

14



Example 3. Similar to vectorization, for d = 8 we go down along the rings
Rs, R4, Ro in indeterminates x,y and z respectively, achieved by ring homomor-
phisms 22 — y and y? — 2. Here, we see Mg(f) where f = 2 + 222 + - + T2’
for d = 8.

01 234567
70123456
6 701 2 3 45
56 701 2 3 4 OR x + 222 + 323 + 42t
456 701 2 3 52° 4+ 625 + 727
34567012
23456701
123 456 70
0 2 46 1 3 5 T
6 024 7135
46 02 5713
2460 3571
OR [2y+4y2+6y3 14 3y + 5y% + 793
2 3 2 3
713 5 02 4 6 7T+ y+ 3y° + 5y 2y + 4y~ + 6y
5 713 60 2 4
3571 460 2
1 357 246 0]

4z 2462z 145z 347z
6+ 2z 4z 7+3z 145z
7T+3z 1452 4z 246z
542z 7432z 642z 4z

OR

51 73 62 04
15 37 26 40

Note that the last step ./\/l% keeps the order of the matrix elements unchanged.
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