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Supplementary Notes
Pritam Chandra

General advice for writing mathematics:

1. Do not use symbols unless they make the readers job easier. Give preference
to words and sentences wherever possible.

2. Notation should be minimal and precise, as long as it doesn’t hinder inter-
pretation.

3. Solving a problem is not the end. Spend time refining, simplifying etc.
Generally one should consider themselves to be at their reader’s service.

Conventions. The notation A C B will mean that the set A is either contained in
or equal to B. Strict containment will be denoted by A ; B.
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1 Sets

Some elementary binary set operations are unions, intersections, set differences,
symmetric differences of sets etc. Among these, unions and intersections are com-
mutative, associative, distributive. The union distributes over intersections (and
the vice versa) as follows

AN(BUC)=(ANB)U(ANC) and AU(BNC)=(AUB)N(AUC).

Question 1. Which of the mentioned operations are not commutative, associative?

Set complement is unary operator.



Proposition 1. Show that for any two finite sets Ay, As we have

|A1UA2| = |A1| + |A2| — |A10 A2|.

Proof . If X,Y are disjoint then | X UY |=|X|+|Y|. Now note that for two general
sets A1, Az, we note that A; and As\ A; are disjoint. And

A1U(A2\A1):A1U(AQQE):AlUAQ.

So |A1U Ag| =|A1|+|A2\ A1]. Similarly, note that A2\ A1 and A1 N Az are disjoint.
And

(AQ\Al) U (Al N AQ) =A,.

Theorem 1. (Principle of inclusion and exclusion) Let Ay, ..., A, be finite sets.
Then

n
[A1U - U4, =) (1) > |AjN--NA -
k=1 1<h<---<jr<k

2 Counting

What exactly are permutations and combinations ... and what is the relationship
between them? The number C(n,r), also written as, (:) is the number of subsets
of size r of a set of size n. The number P(n,r), also written as, P, is the number
of “ordered” subsets of size r of a set of size n. We have

|
”PT:L and r! (n) ="P,.
(n—r)! r

Theorem 2. (Pascal’s Identity) When n,r € N and r <n we have
()=(".D+Co0)
r r r—1

Proof. There are different ways to see this. One can give an algebraic proof. Here
we will use the method of “counting in two different ways”. First, we will use the
identification of (:f) being the number of size r subsets of {1,...,n}. Now, such
subsets either contain the element n, or they don’t. If a subset doesn’t contain
the element n, then they are a size r subset of {1,...,n —1}. The number of such
subsets is (n;l) If a subset contains the element n, then the rest of the elements

form a size r — 1 subset of {1,...,n —1}. The number of such subsets is (Z:i)

Thus we get the required identity. O



Remark 1. In fact, it turns out that with the initial conditions f(n,n)=1 and
f(n,0) =1, the only solution to f(n,r)= f(n—1,7)+ f(n—1,r —1) for all n,
reNpis f(n,r)= (")

r

2.1 Counting integer solutions of an equation

How many solutions are there to the equation
1+t ar=n (1)

such that x; € N for all 77 Another version of the question is asked by requiring the
solutions to be whole (nonnegative) integers instead of natural numbers. Further
refinments are also made by replacing the equality with an inequality, or restricting
the variables with some inequality constraint.

)

The standard way to count this is with some equivalent of the “stars and bars’
method. We will describe this method later. Such arguments are clever, efficient,
easy to understand once described, but perhaps not so easy to come up with. We
will try to describe a more “regular”; albeit longer, approach to count the solutions.

Let the number of natural number solutions of (1) be S(n,r). Note that if x, takes
the value ¢, then x1+ --- +x,_1=n —t. So we obtain the recurrence

S(n,r):S(’rL—1,7"—1)4—5(’[}—277‘_1)_’__‘_5(177,,_1)

with the understanding that S(m,s) =0 if s >m. Computing S(n —1,r) with the
same recurrence we observe that the above equation reduces to

S(n,r)=Sn-1r)+Snh—-1,r—1).
This immediately reminds us of the Pascal identity. However, the initial conditions

here are S(n,1)=1 and S(n,n)=1. As a work around, consider the function f
defined as

f(n,r)=8Sn+1,r+1).
The recurrence for S can be alternatively written as
Sn+1,r+1)=S(n,r+1)+Sn,r),

along with S(n+1,n+1)=1 and S(n+ 1,1) =1. Substituting f for S in this
equation, we get the recurrence

f(n,r):f(n—1,7")+f(n—1,7"—1)

with the initial conditions f(n,n)=1and f(n,0)=1. This immediately tells us that

S(n—i—l,r—i—l):f(n,r):(?;) or S(n,r):(n_l).

r—1



The “coins” and bars technique.

To illustrate this technique we study a slightly modified problem of finding the
number of nonnegative integer solutions of the equation (1). Earlier we required
each variable to be at least 1, and now we allow them to be 0 as well.

To do this, let us instantiate the problem by assuming that we are distributing n
objects (say coins) among r variables (say bins). Imagine arranging the coins next
to each other in a straight line. For illustration, suppose n =9, and r=4.

CNCNCNCNCNCNCNONC)

One can distribute the coins by introducing r — 1 dividers into the arrangement of
coins. This will divide the coins into r sections, and each section can be collected
into a bin.

©00||000©06 |0

For example, the above arrangement corresponds to the solution 3+04+5+1=9.
Thus, every distribution corresponds uniquely to a arrangement of n+r — 1 objects,
of which n are coins and r — 1 dividers. Conversely, every such arrangement corre-
sponds to a distribution. So it is sufficient to count the number of arrangements.
To do this simply choose the position of the dividers, and place the coins in the

remaining spots. Thus, the number of solutions is ("j:;l)

Inequality constraints.

Let us consider the number of solutions of (1) where the constraints on the variables
are inequalities. That is, each z; satisfies a constraint of the form p; <x; < ¢q;. A
constraint like p; =0 or g; =n is trivial.

The lower bound constraints are easier to handle. For any variable x; with a
lower bound z; > p; is dealt with by introducing a new variable y; = x; — p;. This
is visualized by imagining that p; coins are removed from the collection at the
beginning and placed in the ith bin. Once all such substitutions have been made,
we obtain the following new equation with the y-variables

yit-Fyr=n—(pit+---+pr).

Note that the constraint x; > p; now reduces to y; > 0. This is familiar territory
and can be solved using the previous methods.

Upper bounds on variables are a little more tricky to handle. Let us first consider
a single upper bound constraint, say x1 < q;. There could be multiple lower bound
constraints. Let the universal set (say of size N) be the set of solutions of (1) subject
to all the lower bound constraints. Let A be the subset of this universal set with
the added constraint z; < g;. Then

[A]=N —|A]



where A is the set of solutions with the previous lower bound constraints along
with the new lower bound x> ¢;. This is again familiar territory.

Suppose, now, we had two upper bound constraints, say =1 < g and z2 < g2. We
deal with them again by defining the corresponding subsets. It is important to be
precise. Again, let the universal set be of size N which contains the solutions of
(1) only with the lower bound constraints. Let A; be the subset of this universal
set with the added constraint that 21 < ¢1. Similarly, consider As for the constraint
29 < g2. We are looking for |41 N Ag|. We have

|A1ﬂA2| |A1| + |A2| — |A1UA2|

| Ax| + | A2| — | A1 N Ay o
= N—|A1|—|—N—|AQ|—N+|A1QA2|
= N+|A1QAQ|—|A1|—|AQ|.

The sets on the right hand side of the equation are now addressable using our
previous techniques. For more than two upper bounds, we employ the general
principle of inclusion and exclusion. We summarise our counts of the solutions of
(1) in the following table.

Constraint Count

zj€N for all j (n—l)

r—1
zj€Ng for all j (n—l—g—l)
xj > pj replace x; with the variable y; =x; — p;
zj < gj Let A; be set of solutions with no upper

bound constraints except z; < g;.
Count [A1N--- N A, |using set completements.

2.2 Derangements

We denote by D,, the number of “derangements” of n, where
Dp=|{oc €Sym(n):0(j)# jfor all 1<j<n}|.

In words, a deragement is a permutation (of n objects) such every object is dis-
placed from its original position. We count D,, using the principle of inclusion and
exclusion. For 1< j <n, let A; denote the set

Aj={oeSym(n):o(j)=j},



the collection of permuations that keep the jth object in its place. We have

D, = |A1U--'UAn|
= nl—]AU---UA,)|
n

= n'—z (—l)j Z |Ai1m"'mf4i_,-|

j=1 1<+ <y
= nl— -1 ]<n> n—j)!
Z (1) i (n—J)
7j=1
n )
_1)J
N e
= Z g7
J=0
where the fourth equality is because there are (7;) choices for the indices 11,...,;,

and for each such choice the number of permutations that fixes all these positions
(n—j)L

Proposition 2. Let Dy be the number of derangements of k elements. We have

=3 (") Doy

Jj=0

Proof. We give a combinatorial argument for this identity. The left hand side
counts the total number of arrangements of n objects. The set of all arrange-
ments can be partitioned into n 4+ 1 collections, the jth collection comprising those
arrangements which keep exactly j objects fixed (for 0 < j <n). The jth term on
the right hand side counts size of the jth collection. The j objects that are fixed
can be chosen in (”) ways. Each of the remaining n — j objects must be displaced

from their position. This is done in D, ; ways. U

3 Push-forward measures

Suppose we have a set X equipped with some “randomness” p. That is, (X, p) is
a probability space. Then we can produce a notion of randomness on any set Y as
long as we have a function f: X — Y. We say that we can “push the measure p
on X forward” to a measure, say fipu, on Y.

Formally, let P(X) denote the set of all possible measures on X. Then every
function f: X — Y induces a function f.: P(X)— P(Y). For any p€P(X), the
measure fyu € P(Y) is defined as

fer(y)=p(f{y})) forallyey.



A caution here that the notation f~! should not be confused with the inverse of

an invertible function. Here, input to f~! can be any subset of Y. By definition,

fYB)={xz € A: f(xr) € B}. When B is a singleton, say {y}, for convenience
“1({y}) may be written as f~!(y).

The sets f~1({y}) for y €Y are called the fibers of f.

Question 2. Do we need any restriction on f to define its push forward f.?

Proposition 3. Let f: X — Y. Then f. P(X)— P(Y) is injective if and only
if [ is injective. It is surjective if and only if f is surjective.

Proof. Suppose f is injective. Pick any z € X. Let y= f(x). As f is injective we
have f~'({y})={z}. Now, let u; and us be any two probability measures on X.
Observe that

f = J p2
= wm(f{y}) = m(F{y})
= fi1(x) = pa).

As this is true for all x, we conclude that p; = po. This shows that f, is injective.

Conversely, suppose f is not injective. That is, there exist z1, z2 in X such that
x1# a2 and f(z1) = f(z2) =y (say). Consider the Dirac measures! 0, and d, on
X. Clearly, 0z, % 64, But, note that fid;,= f«dz,=0y. So, f« is not injective.

Now suppose f is surjective. We always have

X=1] r*dyh.

yeyY

Now, let v be any measure on Y. Consider the measure p on X such that

Then for any y €Y we have

v(y)
fen(y) = p(z) = = u(y).
fozl(:{y}) xele(:{y}) [ {y )l

1. For any = € X, the Dirac measure d, € P(X) is defined as d,(x) =1 and ,(z) =0 for all ZF#z.



Note here surjectivity is critical for these set of equalities to hold. Otherwise, for
y € Y without any pre-image under f, the probability f.u(y) will necessarily have
to be 0.

Now, conversely, suppose f is not surjective. Let y € Y such that y has no pre-image
in X under f. Consider the Dirac measure dy on Y. Suppose there is a measure y
on X such that d,= fi . Then

1=36,(y) = u(f({y}) = n(¢)=0.

This is a contradiction. Or, no such p can exist. Hence, f, is not surjective. O
Push forward measures behave well with respect to compositions and products.

Lemma 1. Let f: X — Y and g:Y — Z. Then (go f)«= g«o f«. In words, the
composition of push forward measures, is the push forward of compositions.

Proof. To show the above equality, we will show that for any measure p € P(X)
we have (go f)« = g«(fs ). This in turn will be showed by showing

(g0 f)ep(2) = gu( fi 1) (2) forevery 2 € Z.
Indeed note that

(go flam(z) = pul(go /)™ (2) = ul(f g (2))),

and we also have

gl fsm) (2) = (fe)(g7' )= Y. w(fMg'W) = w(f 7)) 4

y€g(2)

Proposition 4. Let (X1, p1) and (X, p2) be two probability spaces. Let f and g
be functions such that f: X1 — Y1 and g: Xo—Ys. Then

(fi 1) X (gs p12) = (f X g)s(p1 X p2).-

In words, the product of two push forward measures is the push forward of the
product of the measures.

Proposition 5. Let (X, u) be a probability space where i is the uniform measure.
Let f: X —Y such that | f~'(y)| is constant for all y €Y. Then fuu is uniform on
Y.

3.1 Generating uniform permutations and subsets of a set

We present further illustrations of the push-forward measure by studying the
problem of generating random permutations, or random subsets of a set. We start
with the following definitions.



[n] {1,2,...,n}

Sym(.S) Set of all bijections from [|S|] to S, or,
set of all permutations of the elements of S

(7) for k<n [ACS:|A|=k)}

,

(kl _?_ kr) {(Al,...,A,a):|A,-|=kZ- and A=| | A,}, or,
i=1

for ki+---+kr=n set of all ordered partitions of S into subsets

of size kq, ..., k, respectively

The number ( A K A ), called the multinomial coefficient corresponding to n,
k1,..., ky, denotes the cardinality of the set (k o k )
1=y o,

Given we have uniform distributions on [n], we will describe recipes for generating
uniform distributions on the other sets.

Let S={s1,...,8,}. Consider the probability space [k], for k <n, equipped with
the uniform distribution. Let S be the probability space [1] x [2] x -+ x [n]. We
define the function f:S — Sym(S) in the following steps. Let i = (i1,...,in) be
any element of S. Let f(i) =oc. Then o is the following arrangement. First place
s1. Place sg on the location iz € [2] denoting either before or after the object s;.
Place s3 on the location i3 € [3], which is either at the beginning, or between the
two placed objects, or at the end, and so on.

Showing f is a bijection, using proposition 5, is sufficient to prove a unifrom mea-
sure on S pushes forward to the uniform measure on Sym(S).

Further, we can propagate the uniform measure on Sym(.S) to the uniform measure
on (}j) Let ¢g: Sym(S) — (;j) such that for any s € S we have

9((81,82, .-, 8n)) ={81,..., Sk}
Thus for any A € (“2) we have
lg7H (A =kl (n— k)L,

a number independent of A. Thus, again by proposition 5 we obtain a uniform

measure on (‘:) In a similar way, one can push forward the uniform measure from
Sym(S) to <k1, kz,s...,kr) via the function g, such that for any s €.S we have

g((s1, ey Sn)) = ({81, ceey skl}, {5k1+1a ceey skr‘rkz}? ey {Sz'r_‘;llkj+1, ceey SZ_,T-Zlkj} )

J



Example 1. Suppose a standard pack of 52 cards is shuffled and distributed uni-
formly into 4 hands of 18 each. What is the probability that each hand gets an Ace?

Consider the act of the distributing the cards in the following manner. Randomly
shuffle the cards. Make 4 contiguous partitions of 13 cards each and collect them as
the hands. Let S be the set of all racks (permutations) of 52 cards equipped with
the uniform measure p. Let

T:{(tl,tg, t3,t4): 1 <t1<ta<tz<ts< 52}.

Then |T'|= (542). Consider the map f: S —— T such that f(s)=(t1,to,t3,t4) where t;
is the position of the first ace in the rack s, and 9 the position of the second, and
so on. Pick any t = (t1,to,t3,t4) € T. Then f~Y(t) is set of those racks in which the
Aces occupy positions t1,t2, t4 and t4. One immediately calculates |f*1(t)| =4148!.
Therefore,

fen(t) = p(f (1)) —%_%.
4

This shows that fiu is the uniform measure on 7. Each hand getting an Ace is
described by the event F C T where

E={(t,to ts,t2):13(i — 1) <t;<13i fori=1,...,4}.
Clearly |F|=13% Hence, the required probability is

4
f*N(E)_%_%' O

4

One might question the introduction of push-forward formalism in such problems
where the quantity of interest can be counted directly. In this example, originally
one had to count the number of hands such that each hand contained an Ace.
The formalism reduced the problem to counting the number of permutations of 52
cards such that the Aces appear in 4 specific given locations. One would generally
agree that the latter is a “simpler” (or rather, a “more precise”) quantity than the
former, and thus the chance of a counting error is reduced. While solving such
problems, one learns to imbibe sufficient formalism such that what remains can be
reliably handled by intuition. Although, in many occassions, intuition is altogether
misleading, or multiple intuitions are in conflict.

4 Examples of caution while counting

Example 2. In how many ways can one distribute n identical candies among Alice
and Bob such that Alice gets no more than p candies, and Bob no more than ¢?

10



One identifies this as counting the number of nonnegative integer solutions of the
equation

r1+x2=n suchthat z;<p and z2<gq.

We use the techniques discussed in section 2.1. Let A be the set of solutions where
21 < p, and As where 22 < ¢q. Let N be the total number of solutions without any
restrictions. Then

|[A1NAg| = |A1]+|A| —[A1U A

= |A1| +JA2| — |A1 Q/IQ| - -
N—|A1|—|—N—|A2|—N+|A1QA2|
N+ |A10A2| — |A1| — |A2| .

Solving these we get

o= (") () ()0 )

Now naively calculating this using (T) =m equates the expression to 0. This
does not seem right, and there must be a mistake. Note that we have not assumed
any information about p, ¢. The identity (T) =m holds only when m > 1, and
otherwise it (T) is 0. So, for example, the second term in the expression is nonzero
only if n>p+ g+ 2> p+ q. But the question doesn’t make sense only when
n < p+ q. Hence this term is always 0. Similarly, one assumes that p, ¢ <n. Then
the expression evaluates to

n+l—(n—p)—(n—q)=p+qg+1—mn.
It turns out that in this particular question that one may benefit to not jump to
the standard approach. As there are only two variables, fixing x; automatically
fixes xo=n — z1. Applying the conditions x1 < p and xo=n — x1 < ¢ reduced to the
condition

n—q<T1<p.

The number of such choices is p — (n — ¢) + 1 which is exactly the required solution.

Example 3. Suppose one wishes to generate an approrimate uniform distribution
on a set of size m wusing only fair coin. How many coin tosses are meeded such
that the generated distribution is at most ‘e distance away” from the true uniform
distribution?

11



To begin with, we must have a notion of “distance” between two distributions. Let
w and v be elements of B(X). A standard notion of distance between p and v is
as follows:

dist(p, v) = max [ u(x) —v(x)].

This captures the worst difference in the masses assigned to a point of X by u and
v.

We know k tosses of the fair coin can be used to generate a uniform distribution
pn on [n] where n=2*. Suppose we push p forward to {0,1,...,m — 1} via the
function f where f(i)=imodm. Let n=mgq+r. For 0<j <m —1 we have

q .
) ]ST’
D=3 . :
—q:;l, j>r

Therefore, we have

. q 1 q+1 1 1 1 1
dist( fx tin, um):max(‘z—m‘, ‘T—E‘):mmax(r,m—r)zﬁfw,

where the second last inequality is simply the fact that the maximum of 2 numbers
is larger than their average. So, to get dist( f« pin, ttm) < € it is sufficient to have

1

o7 <€ <=k >—(1+logze).

Why is there no dependence on m? It cannot be that we can get arbitrarily
close to p, for any m by pushing forward u, for a fixed n. This is because for all
the calculations to go through, we need n > m, without which the entire model
fails. The dependence is truly captured in the b

k>max {—1—logae,logan}.

5 Kernels and joint measures in the language of linear
algebra

Let 2, © be two finite sets. Let P(0) be the set of all probability measures on ©.
Then a map x: Q) — P(O) is called a kernel. That is, for each w € {2 its image
k(w) is a probability measure on ©. Further, for any measure p on €2, we define
the barycentric push-forward of p under x as the measure

pap= 3" plw) ().

weN

12



So, k4 1t 1s an average of the measures k(w) weighted by the probability masses p(w).
The measure k44 can be visualized to be realizing the two step experiment: sample
an w from Q with probability u(w), then sample 6 from © with probability x(w).

Suppose |Q2] =n and |©]|=m. Then any measure y on €2 can be identified with a
vector in R™ indexed by the elements of §2. The entry pu, is the probability mass
p(w). Thus the entries of the vector u lie in the interval [0,1] and all the entries
add up to 1. Such vectors are called probability vectors. In the same spirit, the
kernel k can be represented by the m x n matrix K whose rows are indexed by
elements of © and columns by elements of 2. The entry

Ko o= [r(w)](0).

Again, the entries of K lie in the interval [0, 1], and each column of K is a prob-
ability vector (in this case, the wth column is the probability vector x(w)). Such
matrices are called stochastic matrices.

Let ey, be the k-dimensional vector whose entries are all 1. Thus, a vector v € R} is
a probability vector if and only if (v,e,) =1. Here R is the set of nonnegative real
numbers. Similarly, a m X n matrix with entries in R is stochastic if M Te, =ep.

Now, indeed the probability vector x.u € R™ indexed by elements of © is given by
the matrix vector product K p. Further, we know that a measure p on 2 together
with a kernel x: Q) — P(0©) gives rise to a joint measure, say P, on 2 x ©. Here

P(w,0) = p(w)[r(w)](6).
Again, IP is naturally represented by a m x n matrix J=J(u, k). We have
Jow=Pw,0) =Ko, e
The matrix J then relates to the matrix K and the vector p as
J =K diag u,
where diag p is n X n the diagonal matrix whose diagonal entries are the entries of

the vector p. One can verify that the vector of column sums of J is the measure
1, and the vector of row sums the measure x.u. This can be equivalently stated as

Jen= ks and JTe,, = .

Example 4. Consider the measure p € P(Q2) and v € P(O) related through the
kernel k: Q2 — P(©). That is, v =k.u. A natural question is the following: is there
a kernel A: © — P(Q) such that p=h,v? Note that A here would depend on both
k and p. It is not immediately obvious if such a “reverse kernel” \ exists, and if it
does, how to compute it. The language of linear algebra turns out to be useful in
this situation.

13



Treat p and v like probability vectors and let K be the kernel corresponding to «.
For simplicity we further assume that v has no nonzero coordinate, that is, v(6) >0
for all € ©.2 Then v = Ku. Let J = K diag u be the joint distribution matrix arising
out of p and k. Does there exists a kernel A: © — P(2) whose joint distribution
with v is described by the matrix J7? In other words, is there an n x m stochastic
matrix L such that L diagy =J7? A candidate L is solved from this relation as
follows:

Ldiagy=J" = L=J7 (diagv) ' = (diag p) KT (diagv)~!.
We first verify that
v =Lv=J"(diagv)'v=J e, = p.
What remains to be verified is that L is a stochastic matrix. Indeed
Lle, = (diagv) ! Je, = (diagv) "lv = e,

We briefly describe the situation when diag v is not invertible. First of all, if 19=0,
then the Ath column of (diagv) K (diagv) is also 0. So, this time we define the
reverse kernel I such that the fth column of L and (diagv) KT (diagv) agree
whenever vp# 0. When vy =0, we fill the 0th column of L with any arbitrary
probability vector.

Now, recall that vy is the sum of the #th row of J. So if v9y=0, as J only has
nonnegative entries, the entire fth row of J must be 0. The vector (diagv)v# ey,
anymore, as some of its entries are 0. But JT(diag v) = JTe,, still holds. This is
because, for indices of e, which do not agree with (diagr) v, the corresponding
rows of J (columns of JT) are 0. These indices have no contribution. Similarly,
by construction we already know that whenever 19 =0, the #th column of L sums
up to 1. The conclusion holds for the other columns as they are identical to the
invertible case.

6 Coupling — an example

Two independent experiments are to be compared. Coupling is a method of curating
an artificial dependence between the experiments so that they can be compared
through the induced joint distribution. Kernels are the right tool to model this.
Let us see an example.

Example 5. An urn contains m red and n green balls, where m,n>1. A sequence
of k <m+n balls is drawn with replacement, and separately a sequence of k balls
18 drawn without replacement. Show that

Pr(all k balls are red, > Pr(all k balls are red,
with replacement) without replacement)

2. This assumption enables us to invert the matrix (diagr). Without the assumption, the arguments can
be made using the pseudo-inverse (diagr)! instead of the inverse (diagr) ™ with minor modifications. The
pseudo-inverse of the diagonal matrix diag(a, ..., ax,0,...,0), where a;; %0 for all j, is the diagonal matrix
diag(ar?,...,a;%0,...,0).
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We solve this using coupling. Let R be the set of the red balls and G the green
ones. Let B=RUG be the set of all the balls of size N =m +n. Then B represents
the collection of all sequences of k balls drawn with replacement and, say, this
is drawn by Bob. Let € represent the collection of sequences where the k£ balls
are drawn without replacement. That is Q= Symy(B). Say Alice is drawing this
sequence. Define a kernel k: ), — P(B¥) such that

K(w)=vy1X - XV where 1, ;j=[1—¢j] 5%-—1-].i

1 [5w1+ T +5Wj—1]

for 7 >2, and v,,1 = du,. Here, ¢; :%. In words this coupling is described as

follows. Bob looks at Alice’s sequence w, ball by ball. For the jth ball, with prob-
ability 1 —¢;, Bob copies Alice’s ball w;, and with probability €;, Bob uniformly
chooses one of the previous balls w1, ...,w;j_1 drawn by Alice.

We need to verify that this coupling is valid. Let p be the uniform distribution on
Q. We are required to show that

k
1 1
K p(0) :m E H Yy, i(65) =k for all 6 € ©.

wey, j=1

Define Si(0) =3_ cq, H;.c:l Vw,j(0;). Then, equivalently, using |Qx| =" P; we are
required to show that

N
Si(6) = # for all § € ©.

We will show this by inducton on k. Choose any 6 € ©. First observe that
N
P
0)=">" 6,(61) = 1:T1’
weB

as 01 equals exactly one member of B. Thus, the base case holds. For the inductive
step, we decompose Si(#) as a product of the sums

k-1
S@) =] > ]I w.i(6) [Z Vw,k(ek)]7
wEQ—1 j=1 WEE Bk

where B, ;=B —{wi,...,wr—1}. Note that the first sum is S;_1(¢) and the second
sum

k-1
Z Vo k(Ok) = Z (1 — 1) 0w (O1) + k;gkl Z 8O
wk€ By k wrEB, K j=1
k-1
N—-k+1
= (1—er) Y Sl + — ek Y 0y (0r)
wrE€ By k 7=1
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itself can be expressed as a sum of two terms as shown above. Again, as wjs are
distinct, the number 6y, either equals exactly one member of {wj,..., wx_1} or exactly
one member of B, . If 6 € B, i then the second term is 0 and the first one equals

| e N—-k+1
If O € {wi,...,wr_1}, then the first term is 0, and this time the second equals

N-k+l _N-k+l
k-1 7 N

In either case the second sum evaluates to the same number. Substituting this to
the expression for Si(0) we get

N-k+1 NPy N—-k+1 1 N(N-k+1) VP

SO =Sil0)—F— =7 § W% (N—k+1)! Nk’

Indeed, ks is the uniform distribution on B*. Now, the distribution y and the
kernel k gives rise to a joint distribution, say P, on € x B¥. Suppose the projection
maps from Qj x B¥ onto Q) and B* be II; and Il respectively. Define the events
E and F as

E={wecl{w,...,.wx} CR} and F={0¢c B*|{6:,...,0,} C R}.

Further, let £ =T1I7'(F) and F =II5*(F). We are required to show that

wE) < Rep(F)
or, (I)«P(E) < (Ilz)«P (F)
or, P(E) < P(F).

Consider a point (w,) € E — F. Since 6 ¢ F, there must exist a j for which 6, ¢ R.
But since w € E we have {wi,...,w;} C R. Therefore, 0+ w; for 1 <i <k. Thefore

&j
-1

Yog(03) = [1 = &1 00(03) + 5= [nl0) + - 4 00 1 (0)] =0,

This shows that P(w, ) = p(w) [(w)] () =0. We conclude that P(E — F)=0. This
completes the solution.

7 Some quick thoughts on “independence”

Let Q be a probability space equipped with the probability measure IP and let A,
B C Q) be two events. We say A and B are “independent” if

P(A|B)=P(A) or P(B|A)=P(B).

16



This says that the proportion of A in B is the same as the proportion of A in
the entire space. It is entirely a property of the events, and not of the outcomes
contained within. For example, suppose A and B are independent. It is well possible
that X C A is not independent with Y C B. It is possible that A is independent to
B and C, but not to BNC. Consider the example

0=1{1,2,3,4}, A={1,2}, B={2,3}, C={2,4}, X={2}

with the uniform measure on 2. Then

P(A|B)=%:P(A).

But P(A|X)=1+# P(A). So A and X are not independent. Similarly, A is inde-
pendent to B and C, but not to BNC =X.

8 Examples of problem solving using probabilistic methods

Probabilistic approaches may be applied to problems from seemingly disparate
areas. Such problems may appear to not involve any randomness at the outset.
Yet, one can cleverly introduce randomness to find elegant solutions. Before we
begin, let us briefly recall random variables and expectations. Just the linearity of
expectation, though fundamental, turns out to be the essential ingredient in many
of these solutions.

Definition 1. Let (£2, i) be a probability space and let © C R. Then any function
f:1— O is called a random variable. The push-forward measure fy u is called
the distribution of the random variable f. Further, we denote the expectation of
f by E, f where

Euf=Y 0fu(0)=)" flw)pw).

0co weN

When g is known from the context, we write IE, f as IE f. Expectation is linear
on the space of random variables. That is, if fi,..., f, are random variables from
taking values in ©, then

E(fi+ -+ f)=Efi+ - +Efn.

A quick observation here is as follows. There always exists an w such that p(w)#0
and f(w)>E f. If not, then

Ef=Y fwpw) = Y [flwpw<Ef

wen w: p(w)7#0
which is a contradiction. We will use this observation crucially in the coming

examples. Examples 6 and 7 appeared in the special lecture conducted by Jaikumar
Radhakrishnan.
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Example 6. Let G=(V, E) be a graph. The vertices are thought to be representing
villages and the edges roads. Say |V|=n and |E|=m. Every village v €V is
assigned a service in { H, P}, where H represents a hospital and P a police station.
Our assumption is that each village has exactly one of the two services, and none
have both.

A road e € F is called “good” if it connects an H vertex with a P vertex. One can
imagine why having two different services at the ends of a road is desirable. The
proposition is that for every graph there exists an assignment of services such that
at least % edges are good. We will show this using probability theory.

Figure 1. An example of a graph with services assigned to the vertices. The
solid edges are “good” and the dotted ones are not.

Suppose to each vertex we assign a service H or P uniformly at random. Thus,
every assignment is an outcome in the probability space Q= {H, P}" sampled
according to the uniform distribution, say U. For e € E, define f¢Q— {0,1} such
that fé(w)=11if e is a good edge under the assignment w, and f.(w)=0 otherwise.
Then

fEU()=1.

To see this, suppose e = (v, w) and the services assigned to v and w is uniform
among the choices (H, H), (H, P), (P, H),(P, P). Out of these, two lead to good

edges. Now, let
F=Yr~
eckE
Then f(w) captures the number of good edges under the assignment w. And
m
Ef=) Ef= 5
ecl

Therefore, there must exist an assignment w € 2 for which f(w) > %

Example 7. Consider another interesting graph problem. Let V be a set of n
vertices. For convenience, assume n is even. What is the maximum possible number
of edges in an edge set E such that the graph (V, E) has no triangles?

18



Let us begin thinking of this question in relation to the previous example. Consider
an assignment of services on a graph such that every edge turns out to be good.
Observe that such a graph cannot have any triangles. Indeed, if the graph had a
triangle, then at least two of vertices have to be assigned the same service, and the
edge between them would not be good.

Now, let us partition V' into two halves, that is, V = Vg U Vp and |V, | = |Vp| :%.
Assign the service H to all vertices in V7 and P to all in Vp. Consider the edge set

E={(u,v):u€ Vg and v e Vp}.

2
Every edge in the graph (V, E) is good. Agld |E| :%. So, this is a graph on
the vertices V without triangles and with % edges. We will now argue using a
probabilistic approach that one cannot do better.

Suppose G=(V, E) is a graph on the vertices V' without triangles. Let |E|=m.
Consider the following experiment. Arbitrarily arrange the vertices in a line. Start
from the left and proceed one “available” vertex after another. At each step, if
you are on vertex v, delete all the vertices after v which are not neighbors of wv.
Equivalently, scan through the vertices following v and keep only its neighbors.
“Availability” is determined by whether a vertex was deleted before it was reached.

(29
y

@‘ 72 %5 % T1 T4 T
@ Uy U3 U1 Vg Us
@ nu %

Figure 2. An illustration of running the experiment with an arbitrarily chosen
initial ordering of the vertices.

Suppose at the end of this experiment more than three vertices are left, say

Then, v and w are neighbors of u, as they have not been removed. For the same
reason w is a neighbor of v. Thus the verties w,v,w form a triangle in G. This
cannot be the case. So, for every initial ordering, the experiment must end with at
most 2 vertices.

Now consider the set @ = Sym(n) denoting all the possible arrangements of the
vertices, equipped with the uniform distribution U. For every vertex v € V', consider
the function f¥:Q — {0, 1} such that fY(w)=1 if the vertex v survives at the
end of the experiment starting with the arrangement w. If v doesn’t survive then

fP(w)=0.
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Consider another class of functions g¥: 2 — {0, 1} such that g¥(w)=1 if all the non-
neighbors of v lie to the right of v in the arrangement w, and ¢g*(w) =0 otherwise.
Observe that if no non-neighbor of v is to the left of v in w, then v surely survives
the experiment starting on the arrangment w. It is the non-neighbors of v on v’s
left side which have a potential to delete v.3 In other words, g%(w) =1 implies

fPw)=1. Or,
fo(w) = g"(w).

Define f(w) =3}, oy f"(w). This captures the number of vertices surviving the

experiment starting with the arrangement w. Recall that f(w) <2 for every w.
Hence, E f <2.

For each vertex v €V, let d, be the degree of v in the graph G. We will show later
that gy U(1) =  But proceeding with this expression for now we get

n—d,
22E[2Y By'=Y (-d) 2 gt
veEV veV n _Zvevdv ne—2m

Here the second last inequality is a consequence of the arithemtic-harmonic mean
inequality. Rearranging the terms in the extreme sides of the equation gives

n2

< —.
=7
It only remains to show that indeed gy U(1) zﬁ. For each v, let N, be the set
of neighbors of V. Let B, =V \ N,. We have v € B,. Now, consider the map h":
Sym(V) — Sym(B,) where h,(w) is the relative order the vertices in B, in the
ordering w. For example, with V ={v1,...,v6}, By, ={v3,v4,v6} and w = (v4, v, v1,
v, U3, U5), we have

h¥(w) = (va, v, v3).

For each o € Sym(B,) the fiber h, *(c) has size (;) d,!. This is explained as follows.
Among the n positions in an arrangement we are choosing n — d, positions for
elements of B, and placing them in the order mandated by o, and in the rest of the
positions we can arrange elements of N, in d,! ways. The import of this discussion
is that h{ U is uniform on Sym(B,). In our final step we can realize f as

o B, % (0,1}
w 3
f’U

where ¢(0) =1 if v appears at the very beginning in the arrangement o, and 0
otherwise. So

'MW (n—do—-1)! 1

fo(l):qi’(h}:U(l)):h:U(qil(l)) (n—dv)' - (’I’L—dv)' _n_dv'

3. We say “potential” as it is possible that v’s non-neighbors on the left were deleted by their non-neighbors
preceding them. This is why f¥(w) need not be equal to g¥(w), but nonetheless, always exceeds.
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Example 8. Let A be any subset of R. The set A is called sum-free if whenever
z,y,z €A, we have x + y #+ z. For exaple, the set of odd numbers is a sum-free set.
The set of even numbers is not sum-free. In this context, we have the following
proposition. Let S CN be a finite subset. Then there is a sum-free subset T of S

. S
with |T'|> |_3\

We discuss a probalistic proof of this number theoretic proposition. Suppose z, v,
z € R such that z + y=2z. Then

{ey+{y} —{z}=2— 2] +y—|y] —2+ 2] €Z.

Let 6 be any number in the interval (0,1]. Define
12

We claim that Sp is a sum-free subset of S. Indeed, if =, y, z € Sy, then

2 2 1 1 1 2

1:3

This shows that
{0z} +{0y} —{02}¢Z—=0x+0y+0:—=2a+y+=.

We will show that there exists a 6 for which |Sy| > |i3\ Let X be a random variable
which has the uniform distribution over (0, 1]. For any n € N and y € [0, 1],

n—1 n—1 n—1
Pri{nX}<yl=> Prlj<nX <j+yl= Pr[%g){g%}: By,
i=0 i=0 i=0

So, the random variable {n X} is also uniform over (0, 1]. Define the random
variable Fj as

. 12
Fi(0,1] — {0,1} where Fy(0) =4 » 1T {s0}€ (3@) .
0 otherwise
As {s6} is distributed uniformly over (0, 1]
12 1
EFSZPr[{es} € (g,g)} =1

Then, note that

1So1=Y" F, and E[Sp| =" EF,=151

3
SES seS

Hence, there must be a 6, for which |Sg| > ‘%l This completes the proof.
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So, we immediately have the relation

Coming to the “psychic problem”. Let X be the number of matches the psychic
gets. Then

rix=i=(7) 2t

And

k=0
1 & /n-1
B (n—1)!;(k—1>D"‘k
1 i, n—1
- (n—l)!j;]( j )D("—IH
= 1.

Question. Suppose n coins are being distributed among r bins. What is the prob-
ability that exactly k bins are empty.

Distance between distributions.

Question. How many coins tosses to generate a distribution on k elements that is
¢ distance away from uniform?

Experiment. Toss a coin n times to generate a number uniformly between 1 and
2"=N. Let N=kqg+r. So we get every output either g or ¢+ 1 times. So

1 gl |1 g+1 1 1
= _—— _— —_— = —_— — >
e>(p,U) rnax(‘k NHk ~ D kNmax(r,k 7")_2N

given that N > k. Hence n >loga(2¢). Is this not surprising? As long as N >k,
the number of tosses required only depends on .

** distance between distributions

8 ) is uniform

** push forward Sym(S) — (k
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** Ace problem

** jterative placing generates uniform permutations using push forward measures
... because of bijection

** probability of getting a straight
** multinomial coeflicients

* uniform distributions using a coin toss, measure of non-uniformness
* push forward measures

* derangements (psychic problem)

* rejection sampling

Hn+1 = K« flin

= n(A) K(A) +p1a(B) K(B) + 1(C) 5(C)

éB+6
_an(B;—c

>+bn50+0n5A
= cnla+ 30+ (F+ba) bc

= ant104+bny19B+cry1dc.
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