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The material here is supplementary to the lectures, and it is organized with that
motive. To use this as a primary source for learning some of the featured topics is
not recommended.

Special notations. The notation S � V says S is a subspace of V . The spaces
ranA and kerA are the range and null spaces of A respectively. The set specA is
the set of eigenvalues of A.

A Hilbert space will generally be denoted by H. The space H will denote the space
of all Hermitian matrices.

Whenever not explicitly mentioned, the coordinates of a vector x will be assumed
to be x1; : : : ; xn. Likewise the entries of the matrix A will be aij for 1� i; j �n.

1 Subspaces, Linear Independence, Dimension

Let A be a n�n complex matrix. Then one can look at A as a matrix of column
vectors or row vectors respectively as follows

A=
�
A01 A02 � � � A0n
j j j

�
=

26666664
A10¡¡
A20¡¡
���

An0¡¡

37777775:
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Suppose x2Cn is a column vector. Then Ax=x1A01+ � � �+xnA0n. Similarly, for
the row vector xT, we have xTA=x1A10+ � � �+xnAn0.

Now consider the product AB. With the above notations for the row and column
representations of A and B we get

AB=
�
AB01 � � � AB0n
j j

�
=

2664 A10B¡¡
���

An0B¡¡

3775=X
j=1

n

A0jBj0=[Aj0B0k]j;k : (1)

Note that in the above expression A0jBj0 is a rank one matrix and Aj0B0k is a
complex number.

Lemma 1. Let V1; : : : ; Vk be subspaces of V. Let dimV =n. Then

dim (V1\ � � � \Vk)� dimV1+ � � �+ dimVk¡ (k¡ 1)n:

Proof. When k=2, this holds. Then observe

dim (V1\ � � � \Vk) � dimV1+dim (V2\ � � � \Vk)¡n
� dimV1+[dimV2+ � � �+ dim Vk¡ (k¡ 2)n]¡n
= dimV1+ � � �+ dim Vk¡ (k¡ 1)n;

where the first inequality follows from the case when k= 2, and the second from
the inductive hypothesis. �

Problem 1. If B is invertible, then B carries linearly independent sets to linearly indepen-
dent sets. That is, if yi=Bxi, then fx1; : : : ; xkg is a linearly independent set if and only if
fy1; : : : ; ykg is a linearly independent set.

Problem 2. Let fw1; : : : ; wng be a basis of a vector space V . Let B be the n�n matrix
whose i-th column is wi. Then B is invertible.

Proposition 1. For A2L(V ;W ), we know that rkA= dim ranA. Then rkA is
also the number of linearly independent columns in any matrix representation of A.

Proof. Let L= [lij] be any matrix representation of A. Suppose this matrix rep-
resentation is with respect to the basis fv1; : : : ; vng of V and fw1; : : : ; wmg of W .
Then by definition of L we have

A (vj)= l1jw1+ � � �+ lmjwm:

Collect the vectors fw1;:::;wmg into the columns of a matrix B. Then B is invertible
(use the problem 2). The above equation then looks like

A(vj)=BLj ;

where Lj is the j-th column of L. Then one concludes the proof using problem 1.
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Definition 1. Let �0; �1; : : : ; �k be k+1 real numbers. Then we call the following
(k+1)� (k+1) matrix

V (�0; : : : ; �k)=

266666666664
1 1 � � � 1
�0 �1 � � � �k
�0
2 �1

2 � � � �k
2

��� ��� �� � ���
�0
k �1

k � � � �k
k

377777777775
the Vandermonde matrix associated with �0; : : : ; �k.

Lemma 2. detV (�0; : : : ; �k)=
Y
i=/ j

(�i¡�j).

Proof. Fix any i. Let V = V (�0; : : : ; �k). Consider det V as a polynomial p(�i)
only in the variable �i. Then for any j=/ i, we have p(�j)=0. This is because when
one puts �i= �j, the i-th and the j-th columns of V are equal. Thus by factor
theorem we get

(�i¡�j)j p(�i)=detV :

This is true for all i; j pairs such that i=/ j. Since these are distinct linear factors
we get Y

1�i<j�k
(�i¡�j) jdet V :

Since there are
�
k+1
2

�
such pairs, the degree of the polynomial on the left hand side

of the above equation is
�
k+1
2

�
.

But we also know that

det V =
X

�2Sk+1

sgn(�) V0;�(0)V1;�(1)� � �Vk;�(k):

So the determinant is a sum of products of entries of V such that in each summand
exactly one factor comes from each row. So the degree of each summand in the
determinant expression is

0+1+ � � �+ k= k(k+1)

2
=

�
k+1
2

�
:

This is also the degree of det V . Thus det V = c
Q

i=/ j
(�i¡ �j). Compare the

coefficients of some terms to conclude c=1. �

The usefulness of the Vandermonde matrix is in its ability to characterize a distinct
tuple. That is, detV (�0; : : : ; �k)=/ 0 if and only if �js are distinct.
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Problem 3. Use the Vandermonde matrix to show

1. Eigenvectors corresponding to distinct eigenvalues are linearly indepedent (not just
pairwise).

2. Consider the family of functions fe�xj�2Rg in C[a; b], the space of continuous func-
tions on the interval [a; b]. Show that this is a linearly independent family. Conclude
that the dimension of C[a; b] is uncountably infinite.

Let V be a vector space of infinite dimension. Then V can be given separate notions
of linear independence. For example, let B = fb1; b2; : : : g be a countable subset
of V . We could say B is a linearly independent set if every finite subset of B is
linearly independent in the usual sense. This is called Hamel independence. Or
we could insist that B is linearly independent if

c1 b1+ c2 b2+ � � �=0=) c1= c2= � � �=0:

In this case one needs additional machinery to make sure that the sum makes sense.
This is called Schauder independence, which is clearly stronger than Hamel. Based
on these two different notions of indepedence, V could either have a Hamel basis
or a Schauder basis. We present a curious fact in the following remark.

Remark 1. Every vector space has a Hamel basis. This is equivalent to the axiom
of choice and Zorn's lemma. Not every vector space has a Schauder basis.

2 Diagonalizability

The characteristic polynomial of a matrix A, denoted by �A(t), is defined as
�A(t)=det (A¡ t ). The Cayley-Hamilton theorem states that �A(A)=0. That
is, every matrix satisfies its characteristic polynomial.

Of all the polynomials which A satisfies, the minimal polynomial of A, denoted
by �A(t), is the one of smallest degree. A simple consequence of the quotient
theorem of polynomials is that a polynomial f enjoys f(A)=0 if and only if �Ajf .
In particular �Aj�A.

Proposition 2. The following statements are equivalent, that is, they are valid
ways to define diagonalizability of a matrix A.

1. A is similar to a diagonal matrix.

2. The eigenvectors of A form a basis of V. That is, if l1; : : : ; lk are distinct
eigenvalues of V, and Slj is the eigenspace corresponding to the eigenvalue
lj, then

V =Sl1+ � � �+Slj:

(Direct sum is implied in the above sum. Why?)

3. The minimal polynomial of A has distinct roots.

(This can be relaxed to say that there exists a polynomial f with distinct roots
such that f(A)=0: Why?)
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Proof. (of point 3.) Let �(x) be the minimal polynomial of x. Suppose

�(x)= (x¡ l1): : :(x¡ lk)

where l1; : : : ; lk are distinct. Let

fj(x)=
Y
i=1
i=/ j

k

(x¡ li):

Then the polynomials fj(x) are coprime. Therefore, by Bézout's lemma, there exist
polynomials gj(x) such that

1= f1(x) g1(x)+ � � �+ fk(x) gk(x):

Define hj(x)= fj(x)gj(x). Then m(x)j(x¡ lj)hj(x). Then for any v 2V , we have

(A¡ lj)hj(A) v=0=)hj(A)2Slj:

Therefore putting A in the equation and applying v gives us

v=h1(A) v+ � � �+hk(A) v; wherehj(A)v 2Slj:

This implies that

Sl1+ � � �+Slk=V :

We will give a sketch of the converse statement. Let A be diagonalizable with
distinct eigenvalues l1; : : : ; lk. Then the polynomial �(x)= (x¡ l1)� � �(x¡ lk) kills
A (why?). The minimal polynomial of A must divide m(x), and also have l1; : : : ;
lk as its roots (why?). So � must be the minimal polynomial of A. �

A consequence of the above statement is that every k-th root of I is diagonalizable.
Suppose A is a k-th root of I, for k � n. Then A satisfies the polynomial xk¡
1 which has distinct roots. So the minimal polynomial of A has distinct roots.
Therefore A is diagonalisable. So every k-th root of I has to be similar to a diagonal
matrix diag(l1; : : : ; ln), where each lj

k=1 for all j.

3 Diagonal Dominance and Disk Theorem

Let V be a vector space equipped with a metric. Let
X

xk be a series in V . Then if
the series converges absolutely, then the sequence of partial sums is Cauchy. Thus,
if V is complete, absolute convergence of a series implies its convergence. Further,
if the series converges absolutely, then the series formed by any rearrangement also
converges, and the convergence is to the same limit.

This can be used to show that when kAk<1 then I ¡A is nonsingular. One could
also argue that I ¡A has no 0 eigenvalue.
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Definition 2. Let A be an n� n complex matrix. Let ri=
P

j=/ i jaij j. A is said
to be diagonally dominant if jaiij � ri for all i. If the inequality is strict then A
is strictly diagonally dominant.

Theorem 1. If A is strictly diagonally dominant, then A is nonsingular.

Problem 4. Show that if A=/ I is idempotent then A cannot be diagonally dominant.

As a consequence of the above theorem we get a glamorous result about the location
of eigenvalues of a matrix.

Theorem 2. (Gershgorin disk theorem) Let A and ri be as in definiton 2.
Then all eigenvalues of A lie in the set

[
i=1

n

fz: jz¡ aiij � rig:

As an application of this theorem, we give a lower bound on the rank of a matrix
that can be read off from the matrix entries.

Proposition 3. Let A1; : : : ; An be the rows of the matrix A. Then

rkA�
X
i=1
Ai=/0

n jaiij
kAik1

:

Proof. Let S be the diagonal matrix defined as1

Sii=

(
sgn(aii)kAik1¡1; Ai=/ 0

1; Ai=0
:

Then S is nonsingular. Let B= SA. Then rkB= rkA. Further, diagonal entries

of B are either bii=
jaiij
kAik1

or bii=0, and the rows Bi of B are such that kBik1=1.

Then by Gresgorin disk theorem applied to B, every eigenvalue l of B satisfies

jl¡ biij � 1¡ bii=)jlj � 1:

If l1; : : : ; ln are the eigenvalues of B counted with multiplicity, then

rkB � jl1j+ � � �+ jlnj � trB= b11+ � � �+ bnn:

1. If a=rei� then sgn(a)=e¡i�. In particular, a sgn(a)= jaj.
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The extreme sides of the above inequality are the extreme sides of the required
inequality. �

4 Orthogonality and Projections

Let H be a Hilbert space. For x; y 2H we say x? y, read as x is orthogonal to y,
if hx; yi=0.

Remark 2. Orthogonality is pairwise concept, unlike linear independence. Linear
independence of a set is different from pairwise linear indepedence of the members
of the set. It is a much stronger condition. For example consider fe1; e2; e1+
e2g. However, orthogonality of a set, by definition, is pairwise orthogonality of its
members.

Proposition 4. Let A2Mn(C). Let S �Cn. Then if hx; Axi=0 for all x2S;
then A(S)�S? .

Proof. The proposition holds if hx; Ayi=0 for all x; y 2S. To see this pick any
Ay 2A(S). Then hx;Ayi=0 for all x2S. So Ay 2S?.

(Method of polarisation) For all u; v 2S and �; � 2C we have

0= h�u+ �v;A(�u+ �v)i=�� � hu;Avi+��� hv;Aui:

Put �= �=1, then we get

0= hu;Avi+ hv;Aui:

Putting �=1 and �= i we get

0= ihu;Avi¡ ihv;Aui=) 0= hu;Avi¡ hv;Aui:

Adding the above equations we get hu;Avi=0. �

LetH=S1�S2. Then every z2H has a unique representation of the form z=x+ y,
where x 2 S1 and y 2 S2. Define the operator PS1;S2, read as projection onto S1
along S2, as P (z)=x. Further if S2=S1?, then we call the corresponding operator
as the orthoprojection onto S1.

The operator P is a projection if and only if P is idempotent. Here are some facts
about orthoprojections.

1. P is an orthoprojection if and only if P is idempotent and Hermitian.

2. P � 0 and kP k=1.

3. If P is the orthoprojection onto S, then P� = I ¡P is the orthoprojection
onto S?.
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4. Suppose P1; P2 are orthoprojections onto S1; S2 respectively. Then

a. P1P2=0 if and only if S1?S2.

b. P1+P2 is an orthoprojection if and only if P1P2=0.

Proposition 5. Let P1; P2 be the orthoprojections onto S1 and S2 respectively.
Then, the following are equivalent.

1. S1�S2

2. P2P1=P1

3. P1P2=P1

4. kP1xk�kP2xk for all x

5. P1�P2

Proof. Statement 1 implies statement 2. Let x2S1?. Then P2P1x=0=P1x. Let
x2S1, then x2S2. Then P2P1x=P2x=x=P1x.

Statement 2 implies statement 3. Take adjoint of statement 2.

Statement 3 implies statement 4. Observe

kP1xk= kP1P2xk�kP1k kP2xk= kP2xk:

Statement 4 implies statement 5. Note that

hx; P1xi= hP1x; P1xi= kP1xk2�kP2xk2= hP2x; P2xi= hx; P2xi:

Statement 5 implies statement 1. Let z 2 S1. Then z = x+ y where x 2 S2 and
y 2S2?. Then note that

0�hz; (P2¡P1) zi= hx+ y; xi¡ kzk2=¡kyk2=)kyk2=0=) z 2S2: �

Proposition 6. Suppose P is a projection (P 2=P) and kP k� 1. Then P is an
orthoprojection.

Proof. As P is already a projection, to show that it is an orthoprojection, it is
sufficient to show that ranP?kerP . Suppose this was not the case. Assume P =/ 0,
as otherwise the statement is trivially true. Then there exist unit vectors x2kerP
and y 2 ranP such that hx; yi=�=/ 0. Let z= y¡�x. Then observe that

h�x; zi= h�x; y¡�xi= j�j2¡ j�j2=0 :
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Therefore

kPzk2= kyk2= kz+�xk2= kzk2+ k�xk2> kzk2:

Thus kP k> 1. This is a contradiction. �

Proposition 7. Let u1; : : : ; uk be the orthonormal basis of a subspace S. Let U
be the n� k column matrix U = [ u1 � � � uk ]. Then the orthoprojection onto S is

given by UU�. Moreover UU�=
P

j=1
k ujuj

�.

Proof. (sketch) Let P =UU�. Show that P �=P and P 2=P . Then use ranP �
ranU and Puj=uj. For the second part look at equation 1. �

5 Normality and Spectral Theorem

A matrix A is called normal if A�A=AA�. Before proceeding we prove the fol-
lowing facts.

Problem 5. S is invariant under A if and only if S? is invariant under A�.

Problem 6. If l; v are an eigenpair of A if and only if l�; v an are eigenpair of A�.

Problem 7. Eigenvectors corresponding to distinct eigenvalues of a normal matrix are mutu-
ally orthogonal.

Proposition 8. The following statements are equivalent. That is, they are all valid
ways to define normality.

1. A�A=AA�

2. kA�xk= kAxk for all x.

3. A=UDU� where U unitary and D diagonal (spectral theorem).

4. One can choose eigenvectors of A to form an orthonormal basis of H. (Can
one choose eigenvectors that do not form an orthonormal basis?)

Equivalently, the eigenspaces S1;:::;Sk corresponding to distinct eigenvalues
l1; : : : ; lk are mutually orthogonal and satisfy

H=S1+ � � �+Sk:

5. There exist lj 2C and fujg orthonormal such that A=
X
j=1

n

ljujuj
�.

6. There exist distinct l1;:::;lk and disjoint orthoprojections P1;:::;Pk such that

A= l1P1� � � � � lkPk; with P1� � � � �Pk= I:
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Proof. (sketch of the proof of spectral theorem: normal matrices are diagonalizable
in an orthonormal basis) For this we use the statements of the problems in the
beginning of the section. Now, let l1; : : : ; lk be the distinct eigenvalues of A. Let
S1; : : : ; Sk be the corresponding eigenspaces. Let

S=S1� � � � �Sk:

To show A is �diagonalizable� it is sufficient to show that S=H. Orthogonality will
follow from the mutual orthogonality of eigenvectors.

Now if S=/ H, then S?=/ f0g. Since S1; : : : ; Sk are also eigenspaces of A�, the space
S is also invariant under A�. This means that S? is invariant under A.

Then look at the operator A restricted to S?. Call it A�. Then A� will have an
eigenvalue l. And l is also an eigenvalue of A. So l= lj for some j. Therefore the
corresponding eigenvector x will lie both in S and S?. This is a contradiction. �

Note that the equivalence of statement 5 and 6 follows from proposition 7.

Note 1. Why is invariance of S? necessary in the proof of spectral theorem? A
similar argument was also used in proving that if A and B commute they share
an eigenvector. In general, why do we demand invariance to construct operator
restrictions? Suppose a subspace S is not invariant under the operator A. Then A:
S!S 0, where S 0 may not be S. But this operator may still have eigenvalues and
eigenvectors. Potentially, there could be x2S \S 0 for which Ax= lx.

So far there is no problem. But in this case, the eigenvalue l of the restriction AjS
may no longer be an eigenvalue of A. Now suppose S is invariant under A. Choose
a basis of the entire space whose first few vectors span S and the rest span S?. In
this basis A has the form

A�
�
AjS �
0 B

�
:

Then det (A¡ t) = det(AjS¡t) det(B ¡ t) . This ensures that specAjS�specA. If
S was not invariant under A, the bottom left submatrix would not necessarily be
0, and hence the determinant relation would not follow.

Proposition 9. An upper (or lower) triangular matrix is normal if and only if it
is diagonal.

Proof. We will proceed by induction on the dimension n. For any n use statement
2 in the definition of normality to observe that

jt11j2= kTe1k2= kT � e1k2= jt11j2+ � � �+ jt1nj2=) t12= � � �= t1n=0:

This proves the result when n=2. For an arbitrary n, the result above says

T =
�
t11

H

�
;
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where H is an (n¡ 1)�(n¡ 1) upper triangular matrix. But T is normal if and
only if H is normal (show this). By induction hypothesis H is diagonal. Hence T
is diagonal. �

Theorem 3. (Schur's triangularization theorem) Let A be any matrix. Then
there exists a unitary matrix U and an upper triangular matrix T such that A=
UTU�. That is every matrix is triangularizable in an orthonormal basis.

Equivalently, for every matrix A there exists an orthonormal basis fv1;:::; vng such
that

Avj 2fv1; : : : ; vjg for j=1; : : : ; n: (2)

Note that normality is invariant under unitary similarity. Then Schur's theorem
along with proposition 9 gives another proof of the spectral theorem.

Proposition 10. Suppose rkA=r. Then A can be triangularized to a matrix whose
first r rows are linearly independent and the last n¡ r rows are 0.

Proof. Let P be the projection onto ranA and P� onto kerA. Then by Schur's
theorem applied to PA, there exists v1; : : : ; vr2 ranA such that

PAvj 2 spanfv1; : : : ; vjg:

Club these vectors with a basis fvr+1; : : : ; vng of kerA. Then for j � r

Avj=PAvj+P�Avj=PAvj;

where the last equality follows from the fact that Avj 2 ranA= kerP�. For j > r,
Avj=0 so the condition 2 is immediately satisfied. The linear independence of the
first r rows and the rest of the rows being 0 follows from the choice of vjs. �

In the spirit of proposition 3, we state another lower bound for the rank of a matrix.

Proposition 11. For any matrix A we have rkA� jtrAj
2

kAkF2
.

Proof. Let k be the number of nonzero eigenvalues of A. Then, the rank-nullity
theorem gives us that rkA�k. Also note that either side of the required inequality
is unchanged by unitary conjugation. Then using Schur's theorem we can assume
A to be upper triangular with diagonal entries l1; : : : ; lk; 0; : : : ; 0 : Then note that

jtrAj2=(l1+ � � �+ lk)2� k (l12+ � � �+ ln
2)� k kAkF2 ;
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where the first inequality is the Cauchy-Schwarz inequality. �

Proposition 12. Suppose A is upper triangular and invertible. Then A¡1 is also
upper triangular.

Proof. (Vishnu) Let A¡1. We will show that A¡1ej 2 spanfe1; : : : ; ejg. This is
equivalent to showing A¡1 is upper triangular. We will proceed by induction on j.

As A is upper triangular and invertible, we have Ae1= l1e1 for some l1=/ 0. Then
applying A¡1 to this equation we get e1=l1A¡1e1=)A¡1e1=

e1
l1
2 spanfe1g. This

proves the base case. By the same argument we see that

Aej= c1 e1+ � � �+ cj¡1 ej¡1+ lj ej for some lj=/ 0:

Applying A¡1 to the above equation we get

A¡1 ej=
1

lj
[ej¡ c1 e1¡ � � � ¡ cj¡1 ej¡1]2 spanfe1; : : : ; ejg:

This shows that A¡1 is upper triangular.

Alternate proof. (Anwesha) Let us proceed by induction on the dimension of A.
The 1 dimensional case is trivial. Let A and A¡1 be the n�n block matrices

A=
�
� x�

A1

�
and A¡1=

�
� y�

z B1

�

where A1; B1 are (n¡ 1)� (n¡ 1) blocks. Then

I =AA¡1=
�
� �
A1z A1B1

�
=)A1 z=0 and B1=A1

¡1 :

Note thatA1 is a nonsingular matrix (as it is upper triangular with nonzero diagonal
entries). So A1 z = 0) z = 0. And B1 is upper triangular by inductive hypoth-
esis. Therefore A¡1 is upper triangular. �

6 AB, BA and Commuting Matrices

The following are true for operators A and B.

1. If AB=BA then they share an eigenvector.

2. AB and BA have the same eigenvalues.

3. If A;B � 0 then all eigenvalues of AB are nonnegative.

4. A;B normal. Then AB normal () BA normal.

12



5. A normal, B any matrix, then kAB¡BAkF=kA�B¡BA�kF . In particular
A and B commute if and only if A� and B commute.

Theorem 4. Commuting matrices are simultaneously triangularizable. That is, if
AB=BA then there exists a unitary U for which both U�AU and U�BU are upper
triangular.

Proof. Let A;B commute. Then they share an eigenvector, say v1. Then

A=PA+P�A and B=PB+P�B:

where P +P�= I and ranP = spanfv1g=M and ranP�=N . We will show that P�A
and P�B commute on N . To show this it is sufficient to show that

P�AP�B=P�AB:

Now note thatM is invariant under B, therefore AP =PAP . That is, P commutes
with BP . Then

P�AP�B=AB ¡APB ¡PAB+PAPB=P�AB:

Therefore, by inductive hypothesis, there exists an orthonormal basis v2; : : : ; vn of
v? such that both Avj and Bvj lie in spanfv2; : : : ; vjg. As PAx2 spanfv1g for all
x, the vectors fv1; : : : ; vng satisfy condition 2. �

Remark 3. The converse of theorem 4 need not hold. Consider the following
example �

1 1
0 0

��
0 1
0 1

�
=
�
0 2
0 0

�
and

�
0 1
0 1

��
1 1
0 0

�
=0:

Commuting is a strictly stronger condition than simultaneous triangularizability.

We quickly also recall that two commuting matrices need not be simultaneously
diagonalizable. Commuting ensures one common eigenvector. Diagonalizability
requires a basis of eigenvectors.

Schur's triangular form gives us access to the eigenvalues of a matrix, as the eigen-
values can be read off from the diagonals. Here is a consequence of the theorem.
Suppose A and B are simultaneously triangularizable. Then every eigenvalue l
of A+B is of the form �+ � where � and � are some eigenvalues of A and B
respectively. Similarly, any eigenvalue l of AB is of the form ��.

Question 1. When is a pair of matrices A;B simultaneously triangularizable � is
there another �clean� characterization of simultaneously triangularizable matrices?
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Definition 3. A pair of matrices A and B are said to have the additive eigen-
value property if their eigenvalues can be ordered as �1; : : : ; �n and �1; : : : ; �n
such that the eigenvalues of A+B are exactly �1+ �1; : : : ; �n+ �n.

A pair of simultaneously triangularizable matrices have the additive eigenvalue
property. However the converse is not true. Consider

A=

24 0 1 0
0 0 ¡1
0 0 0

35 and B=

24 0 0 0
1 0 0
0 1 0

35:
The only eigenvalue of both A and B is 0. And

�A+ 
B=

24 0 � 0

 0 ¡�
0 
 0

35:
Characteristic polynomial of this matrix (in the variable t) is t3, so the only eigen-
value of this matrix is also 0. So the pair �A; 
B has the additive eigenvalue
property for any �; 
 2C. But observe that

AB=

24 1 0 0
0 ¡1 0
0 0 0

35:
If A and B were simultaneously triangularizable, then the only eigenvalue of AB
would also be 0. But that is not the case. We summarize these findings in the
following remark.

Remark 4. Let A;B be two matrices. Then

A;B commute )
:

A;B simultaneously
triangularizable

)
:

A;B has additive
eigenvalue property

:

We state a result that gives an answer to question 1.

Theorem 5. (Radjavi and Rosenthal) A pair of matrices A and B are simultane-
ously triangularizable if w(A;B) [A;B] is nilpotent for every word w.

A word w(A; B) is simply a product of a sequence containing As and Bs. This
naturally includes commuting matrices.
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7 A Variational Characterization for Singular Values

Quasilinearization or, more generally, variational characterization, is a very impor-
tant idea. The principle is to write a non-linear function as an extremum of linear
(or �nicer�) functions, and exploit the linearity. Many elegant matrix quantities, like
eigenvalues, singular values, some norms etc., admit variational characterizations,
making their manipulations, at the very least, easier, and sometimes even feasible.

Definition 4. Every matrix A can be decomposed as A=USV � where U ; V are
unitary, and S=diag(s1; : : : ; sn) with s1� : : :� sn� 0. This is called the singular
value decomposition (SVD) of A. Some facts are as follows:

1. The columns of U , called the left singular vectors of A are eigenvectors
of the positive matrix AA�.

2. The columns of V , called the right singular vectors of A are the eigen-
vectors of the positive matrix A�A.

3. The numbers s1; : : : ; sn, called the singular values of A, are the positive
square roots of the eigenvalues of A�A or AA�.

4. This decomposition is equivalent to the polar decomposition, where one
writes an arbitrary matrix A as A=QP where Q is unitary and P positive.

In the rest of the discussion sj(T ) will denote the j-th singular value of the matrix
T . When obvious from the context, sj(T ) may simply be written as sj. Now we
proceed to state a variational characterisation of the singular values.

Theorem 6. Let A be any matrix with singular value decomposition A=USV �.
Then

sr+1(A)= min
T :rkT�r

kA¡T k :

The minimum of the above equation is obtained at T =Ar where

Ar=USrV � and Sr= diag(s1; : : : ; sr; 0; : : : ; 0):

Further, the operator norm in the above minimization can be replaced by any uni-
tarily invariant norm.

Using this we can immediately go on to prove some important and useful results.

Proposition 13. Suppose A and B be any two matrices. Then for i; j ; k satisfying
j+ k= i+1, we get

si(A+B)� sj(A)+ sk(B) and si(AB)� sj(A) sk(B) :
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Proof. First note that rk (Aj¡1+Bk¡1)� rkAj¡1+ rkBk¡1= i¡ 1. So we get

si(A+B) � kA+B ¡ (Aj¡1+Bk¡1)k
� kA¡Aj¡1k+ kB ¡Bk¡1k
= sj(A)+ sk(B):

In a similar vein even the other result is obtained. Note that

rk (ABk¡1+Aj¡1[B ¡Bk¡1])� rkBk¡1+ rkAj¡1= i¡ 1 :

So we have

si(AB) � kAB ¡ABk¡1¡Aj¡1 (B ¡Bk¡1)k
= k(A¡Aj¡1)(B ¡Bk¡1)k
� kA¡Aj¡1k kB ¡Bk¡1k
= sj(A) sk(B) :

�

Proposition 13 gives us the following substantial theorem as a corollary.

Theorem 7. For every i, the function si(X) is (Lipschitz) continuous in X.

Proof. Apply the first inquality of proposition 13 to i= k and j=1, and replace
A by A¡B. This gives

si(A)� s1(A¡B)+ si(B)=)jsi(A)¡ si(B)j � kA¡Bk : �

Along these lines we also have the following reverse inequalities.

Proposition 14. Let A;B be any two matrices. Suppose i; j ; k satisfy j+k= i+n.
Then we have

si(AB)� sj(A) sk(B) :

Proof. Let B =USV � be the singular value decomposition of B. Then for any
0<", we define B"=U (S+ ")V �. Note that B" is invertible. Then we get

sj(A) = sj (AB"B"
¡1)

� sj+k¡n(AB") sn¡k+1 (B"
¡1) (proposition 13)

= si(AB")
1

sk(B")
=) sj(A) sk (B") � si(AB"):

We take limit "¡! 0. Theorem 7 tells us that the limit can be taken inside sk and
si. This concludes the proof of the required inequality. �
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Remark 5. When j+k= i+1, the inequality si(A+B)�sj(A)+ sk(B) is similar
to Weyl's inequality for eigenvalues of a Hermitian matrix, and indeed they can
be derived from each other. There is a reverse Weyl's inequality that says, when
j+ k= i+n we have

li(A+B)� lj(A)+ lk(B);

where the eigenvalues of each matrix are counted in a decreasing order. We have
seen something like a multiplicative analogue of this inequality for singular values
in proposition 14. However, the immediate analogue of the Weyl's reverse inequality
does not hold for singular values. For example, consider

A=
�
1
0

�
and B=

�
¡1

0

�
:

Then A+B=0. Here we get s1(A+B)<s1(A)+ s2(B).

Question 2. Do either of the multiplicative inequalities for singular values have
an analogue for the eigenvalues of a Hermitian matrix?

8 A Glance at Ky Fan Norms of Matrices

For any matrix A, we can define its absolute value, denoted by jAj, in any of the
following ways.

1. jAj is the unique positive square root of A�A.

2. jAj is the positive matrix appearing in the polar decomposition of A=U jAj.

3. If A=USV � is the singular value decomposition of A, then jAj=VSV �.

Proposition 15. Let A be any matrix. Then

s1(A)+ � � �+ sk(A)=max
U;V

jtrU�AV j

where U ; V vary over n� k matrices with orthonormal columns.

Proof. For this, first note that

jtrU�AV j= jtrVU�Aj � tr jVU�Aj= s1(VU�A)+ � � �+ sk(VU�A):

Here we can truncate at k, as rkU�AV � k. Then proposition 13 tells us

sj(VU�A)� s1(VU�) sk(A) :

Now, (VU�)�VU�=UV �VU�=UU�: This is an orthoprojection, so the top eigen-
value is 1. Hence s1(VU�)=1. This completes the proof. �
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Corollary 1. s1(A+B)+ ���+sk(A+B)�s1(A)+ ���+sk(A)+s1(B)+ ���+sk(B).

Proof. The statement of the corollary is like a triangule inequality of for function
s1(X)+ � � �+ sk(X). Observe that

s1(A+B)+ � � �+ sk(A+B)

= max
U;V

jtrU� (A+B)V j

� max
U;V

jtrU�AV j+max
U;V

jtrU�BV j

= kAk(k)+ kBk(k) :
= s1(A)+ � � �+ sk(A)+ s1(B)+ � � �+ sk(B) :

�

This justifies the following definition with some elementary checks.

Definition 5. For any matrix A, we define kAk(k)= s1(A)+ � � �+ sk(A). This is a
norm on matrices, and is called the Ky-Fan k-norm of A.

Theorem 8. (Ky Fan, Von Neumann) An inequality holds for every unitarily
invariant norm if and only if it holds for the Ky-Fan norms for every k.

9 Some Results about Positive Matrices

We use the term �positive� for positive semidefinite matrices. They are denoted by
A� 0. A positive definite matrix will be called �strictly positive� and be denoted
by A> 0.

The following are equivalent definitions for a matrix being positive.

1. A is Hermitian and all eigenvalues of A are nonnegative.

2. A is Hermitian and all principal minors are nonnegative (proof uses Descarte's
rule of signs).

The matrix
�
1 1
0 1

�
shows that the Hermitian property has to be explicitly

added for the two criteria above.

3. hx;Ax i� 0 for all x.

4. A is a correlation matrix. That is there exist vectors x1; : : : ; xn such that
aij= hxi; xji.

5. A=B�B for some matrix B.

6. A=R�R for upper triangular R. The diagonal entries of R can be forced to
be nonnegative.

7. A= eH for some Hermitian H.

Proposition 16. Let A� 0. Suppose aii=0 for some i. Then the entire i-th row
and i-th column is 0.
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Proof. Consider the the principal submatrix corresponding to i; j for any j =/ i.
Then this submatrix (up to a permutation, depending on where j > i) is"

0 aij
a�ij ajj

#
:

The corresponding principal minor is ¡jaij j2, which is nonnegative only if aij=0.
This concludes the proof. �

Proposition 17. Suppose A=
�
A11 A12
A21 A22

�
� 0. Then rkA� rkA11+ rkA22.

Proof. (Rushil) Since A� 0, there exists a matrix X such that A=X�X . Write
X as the block matrix

X =
�
X11 X12

X21 X22

�
such that the block sizes are identical to the corresponding blocks of A. Then

A=
�
A11 A12
A21 A22

�
=X�X =

�
X11
� X11+X21

� X21 �
� X12

� X12+X22
� X22

�
:

Let B be defined as

B=
�
A11

A22

�
=
�
X11
� X11+X21

� X21

X12
� X12+X22

� X22

�
:

Suppose x2kerB. Then the vector x can be decomposed as x=[ x1 x2 ] such that
x1 and x2 have the same sizes as A11 and A22 respectively. Then

0 = hx;Bxi = hx1; A11x1i+ hx2; A22x2i
= kX11x1k2+ kX21x1k2+ kX12x2k2+ kX22x2k2

implying that X11x1=X21x1=X12x2=X22x2=0. So

Xx=
�
X11 X12

X21 X22

��
x1
x2

�
=
�
X11x1+X12x2
X21x1+X22x2

�
=0:

Or Ax=X�Xx=0=) x2 kerA. Thus kerB� kerA. So rkA� rkB. But B is a
block diagonal matrix. Hence rkB= rkA11+ rkA22:

Alternate proof. Suppose A11 and A22 are m and n dimensional respectively. Since
A11;A22 are principal submatrices of a positive matrix, they themselves are positive.
So there exist unitary matrices U ; V such that U�A11U =D1 and V �A22V =D2,
where D1 and D2 are positive diagonals. Further, exactly m ¡ rk A11 diagonal
entries of D1 are 0, and so are n¡ rkA22 many of D2.
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Consider the matrix A� which is a unitary conjugate of A as follows

A�=
�
U

V

��
A

�
U

V

�
=
�
D1 �
� D2

�
:

Note that A� has the same rank as A. And A� is positive. So whenever a diagonal
entry of A� is 0, that entire column of A� is 0 (proposition 16). But the diagonal
entries of A� are entries of D1 and D2. So, at least m+n¡ (rkA11+ rkA22) many
columns of A� are 0. So rkA�= rkA is at most rkA11+ rkA22. �

Theorem 9. (Hadamard Inequality) Let A� 0. Then

detA�
Y
j

ajj :

Proof. Let A=R�R where R is upper triangular. Then ajj=krjk2 where rj is the
j-th row of R. Then

detA= jdetRj2=
Y
j

jrjj j2�
Y
j

krjk2=
Y
j

ajj : �

Corollary 2. Let A be any matrix. Let aj be the j-th column of A

jdetAj �
Y
j

kajk :

Theorem 10. (Schur Product Theorem) Let A;B � 0. Then A�B � 0.

In the lectures we have seen a proof of this by first proving the result when A;B
are rank 1 matrices, and then extending this to the general case via the singular
value decomposition. Here we shall see two more proofs of this.

Proof. Choose any x2H. Let X =Diag(x). Note that

hx; (A�B)xi =
X
j;k=1

n

x�j (A �B)jkxk

=
X
j;k=1

n

(x�jAjk xk)Bkj

=
X
j;k=1

n

(X�AX)jkBkj

= tr (X�AX)B:

Then X�AX and B are both positive, and a product of positive matrices has
positive eigenvalues. This completes the proof.
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Alternate proof. Since B is positive we know that there exists vectors v1;:::; vn such
that bij= hvi; vji. Suppose vi=[ vi1 � � � vin ]T. Observe that

hx; (A�B)xi =
X
i;j=1

n

x�i a ij hvi; vjixj

=
X
i;j=1

n

x�i a ij xj
X
k=1

n

v�ikvjk

=
X
k=1

n X
i;j=1

n

(x�i v�ik ) aij (xj vjk)

=
X
k=1

n

hwk; Awki

� 0;

where wk= [ x1v1k � � � xnvnk ]T. The last inequality follows from the positivity
of A. �

Definition 6. A matrix A is said to be congruent to another matrix B, if there
exists an X nonsingular, for which B=X�AX .

Congruence is an equivalence relation on the space of matrices. Some other exam-
ples of equivalence relations for matrices are similarity, unitary equivalence etc.
For relations it is meaningful to talk about invariants and complete invariants.

Definition 7. Let A be a Hermitian matrix. Then let �(A); �(A); �(A) denote
respectively the number of positive, zero and negative eigenvalues of A. The the
tuple (�(A); �(A); �(A)) is denoted by in(A), and is called the inertia of A.

Theorem 11. (Sylvester's law of inertia) The inertia is a complete invariant for
congruence in the space of Hermitian matrices. That is, if A is Hermitian, then A
and X�AX have the same inertia, for any invertible matrix X.

We will see a proof of this using minmax principles

10 Minmax Principles and Conseqeuences

In this discussion, the eigenvalues l1(A); : : : ; ln(A) of a Hermitian matrix A are
always arranged in decreasing order.

Remark 6. How to go back and forth from eigenvalue inequalities of Hermitian
matrices and singular value inequalities of general matrices?
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Any inequality that holds for singular values of arbitrary matrices holds for the
eigenvalues of positive matrices. Additive inequalties of such nature can therefore
be extended to eigenvalues of Hermitian matrices by noting the following. For any
Hermitian matrix A, there exists � such that A+ � is positive. And l(A+ �) =
l(A)+�.

In the reverse direction one notes that for any matrix A, the matrix

A~=
�

A
A�

�
is Hermitian, and

1

2

�
U ¡U
V V

��
S
¡S

��
U� V �

¡U� V �

�

is its eigendecomposition. Here U ;S;V come from the singular value decomposition
A=USV � of A. Thus the eigenvalues of A~ are the singular values of A.

Theorem 12. (Minmax principles, Courant-Fisher-Weyl) Let A be a Hermitian
matrix with eigenvalues l1(A)� � � � � ln(A). Then for 1� k�n

lk= max
dimM=k

min
x2M
kxk=1

hx;Axi= min
dimM=n¡k+1

max
x2M
kxk=1

hx;Axi :

In the above equation the optimization over unit vectors can be replaced by nonzero

vectors by normalizing the objective hx;Axi to
D

x

kxk; A
x

kxk

E
.

The minmax principles also extend to the singular values where the kth singular
value sk of an arbitary matrix A is obtained by replacing the objective hx;Axi by
kAxk in the equation of theorem 12.

Some corollaries of the minmax principles are follows.

1. Weyl's monotonicity principle. This says that when A�B then

lj(A)� lj(B) for all j=1; : : : ; n:

2. Weyl's inequalities. These are the following set of inequalities for Hermitian
matrices A;B with eigenvalues arranged in decreasing order.

li(A+B)� lj(A)+ lk(B) when i+1= j+ k;
li(A+B)� lj(A)+ lk(B) when i+n= j+ k:

These inequalities further imply Weyl's perturbation theorem, which states
that

jlj(A)¡ lj(B)j � kA¡Bk :
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3. Sylvester's law of inertia.

4. Cauchy's interlacing principles.

We will see the proof of last two corollaries here.

Proof. (Theorem 11) LetX be any nonsingular matrix. Let B=X�AX . Firstly,
as X is nonsingular, we know that rkA= rkB. This immediately gives �(A) =
�(B). Since �(Z)+ �(Z)+ �(Z)=n for any Hermitian Z, it sufficies to show that
�(B)=�(A).

Suppose the eigenvalues of A and B are arranged in the decreasing order. Let
k=�(A). We will first show that �(A)��(B). To show this it is sufficient to show
that lk(A)> 0, where k=�(B).

Let M be the span of top k eigenvectors of B. As X is nonsingular, we get
dimXM= k. Then by the minmax principles

lk(A)� min
y2XM
y=/0

hy;Ayi
kyk2 = min

x2M
x=/0

hXx;AXxi
kXxk2 � 1

kXk2 min
x2M
x=/0

hx;B xi
kxk2 = lk(B)

kXk2 > 0:

But if B =X�AX , then A= (X¡1)�B (X¡1): Thus applying the same argument
to this congruence we get �(A)� �(B). This shows that two congruent matrices
have the same inertia. �

Proposition 18. (Cauchy's interlacing principles) Let A2H be of the form

A=
�
B �
� �

�
;

where B 2H is k� k. Then for all 1� j � k we get

lj+(n¡k)(A)� lj(B)� lj(A)

Proof. LetM be the span of the top j eigenvectors of B. Identify any x2M with
x~2H where x~= (x; 0; : : : ; 0), where the 0s repeat n¡ k times. Then the collection
of x~s form a j-dimensional subspace, say M~ of H. Further, we get kxk= kx~k and
hx;Bxi= hx~; A x~i.

Then, by the minmax principles,

lj(B) = min
x2M
kxk=1

hx;Bxi = min
x~2M~
kx~k=1

hx~; Ax~i � lj(A):
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This shows one side of the inequality. Now, apply this inequality to the matrices
¡A and ¡B which also satisfy the hypothesis of the proposition. This gives

lj(¡B)� lj(¡A)=) lk¡j+1(B)� ln¡j+1(A):

By replacing k¡ j+1 by j, we get the required inequality. �

When k=n¡ 1, the above inequalities say

l1(A)� l1(B)� l2(A)� l2(B)� � � � � ln¡1(B)� ln(A) :

The theorem gets its name from this interlacing phenomenon.

Proposition 19. Let A be any matrix. Then lj(ReA)� sj(A).

Proof. (Pratyush) The inequality is obtained by taking minmax on the following
inequality for any unit vector x:

hx; (ReA)xi=Re hx;Axi� jhx;Axij� kAxk:

Here the last inequality is Cauchy-Schwarz inequality. �

As we mentioned earlier, eigenvalue inequalities for Hermitian matrices usually
correspond to singular value inequalities of arbitrary matrices. The following is a
variational characterization for the sum of top eigenvalues of a Hermitian matrix,
which is an analogue of the variational characterization for the Ky Fan norms.

Proposition 20. Let A be any matrix. Then for any k �n

l1(A)+ � � �+ lk(A)=max trU�AU

where U varies over n�k matrices with orthonormal columns.

Proof. Complete the orthonormal basis containing the columns of U to form the
unitary matrix W = [ U V ]. Then

W �AW =
�
U�AU �
� �

�
:

Then, by Cauchy's interlacing principles applied to U�AU and W �AW

trU�AU = l1(U�AU)+ � � �+ lk(U�AU)� l1(A)+ � � �+ lk(A):
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Further, choose the columns of U as the top k eigenvectors of A fetches equality
in the above inequality. �

Corollary 3. The function X 7¡! l1(X) + � � � + lk(X) on Hermitian matrices is
convex.

Remark 7. Let f be a function on the vector space V overR. Then f is convex if

f(�x+ �y)��f(x)+ �f(y)

for all x; y 2 V and �; � 2R such that �+ � = 1. If the above condition holds
for all x; y but only for �= � = 1

2
, then f is called mid-point convex. If f is

continuous, convexity and mid-point convexity are equivalent. If f is affine, that is
f(�x)=�f(x) for all �2R and x2V , the convexity is equivalent to subadditivity,
that is,

f(x+ y)� f(x)+ f(y) :

11 A Brief Introduction to Majorisation

Let A be Hermitian. By some unitary conjugation, assume that the diagonal
entries of A are arranged in decreasing order. Further, let ljs be its eigenvalues
in decreasing order. Then hiding in proposition 20 are the following relations.

a11+ � � �+ akk � l1+ � � �+ lk for all 1� k�n
a11+ � � �+ ann = l1+ � � �+ ln :

Such relationship has a special name in the theory of convex functions. Let x;
y2Rn. Then let x#=(x1

#;: : :; xn
#) be the vector obtained from x such that x# and x

have the same set of coordinates except that x# arranges them in decreasing order.
If x is a sample, then x# is the ordered statistic.

Definition 8. For x; y 2Rn we say x is majorised by y, and denote it by x� y
if the following relations hold.

x1
#+ � � �+xk

# � y1
#+ � � �+ yk

# for all 1� k�n
x1
#+ � � �+xn

# = y1
#+ � � �+ yk

# :

If the last equality is replaced by �, then we say x is weakly majorised by y,
and denote this by x�wy.

For example, let x be any vector such that sum of its coordinates is 1. Then we

have
�
1

n
; : : : ;

1

n

�
�x� (1; 0; : : : ; 0).
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The above discussion about Hermitian matrices gives the following result.

Theorem 13. (Schur's Theorem) Let A be a Hermitian matrix. Let d(A) be the
vector of the diagonal entries of A, and let l(A) be the vector of eigenvalues of A.
Then d(A)� l(A).

Majorisation of vectors interacts well with convex functions. A concrete example
of this is the following theorem.

Lemma 3. Let ':R!R be convex. If x� y, then '(x)�w'(y).

The triangle inequality for the Ky-Fan norms can be alternatively read as the
relation s(A+B)� s(A) + s(B). Note that t! tp is a convex function for p� 1.
As a corollary we get the triangle inequality for the Schatten-p norms.

Proposition 21. Define kAkp=ks(A)kp where s(A) is the vector of singular values
of A. Then kAkp is a norm on M(n).

Proof. Sufficient to show the triangle inequality for this function, as the other
requirements are easy. Note that

kA+Bkp
p =

X
j=1

n

sj
p(A+B)

�
X
j=1

n

[s(A)+ s(B)]p

� (ks(A)kp+ ks(B)kp)p

= (kAkp+ kBkp)p;

where the second last inequality follows from triangle inequality for the p-norm on
vectors. �
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